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STUDIES OF THE ADSORPTION OF GASES BY CHAR- 
COAL. I. 


By HARVEY BRACE LEMON. 


VARIATIONS DUE TO HEAT TREATMENT, PRE-EQUILIBRIUM 
EFFECctTs.! 


SYNOPSIS. 


Problem.—By varying the heat treatment of a given specimen of cocoanut shell 
charcoal both the rate at which it adsorbs air and the total amount it can adsorb 
from a given small mass of air can be varied over a wide range. These variations 
are studied for the case in which the mass of air used is less than that required to 
saturate the charcoal. 

Activation.—An increase in the adsorptive power, ‘‘activation,’’ is produced 
by repeated evacuations at 650° C., each evacuation being followed by an adsorption 
of air at the temperature of liquid air. 

De-activation.—A decrease in the adsorptive power can be produced by increasing 
the evacuation temperature to between 800° and goo° C. 

Hy potheses.—Hypotheses advanced to explain these phenomena are discussed. 


_, ARLY in 1915, while making up some demonstration apparatus for 
the purpose of showing the presence of the noble gases in the 
atmosphere using the method of Gehlhoff,? large differences were observed 
in the efficiency of the carbon employed on different occasions. Refer- 
ence to the literature showed a very great bibliography on the subject of 
carbon with especial reference to its use for adsorption of gases but no 
light was shed on the particular question at issue which was why different 
samples of charcoal made from the same material could show variations 
in the ratio of I : 10,000 in the amount of gas that they would adsorb 
in a given time. Experiments were begun therefore which resulted in 
two reports on the subject, the latter of which was presented at the 
1 This article is published with the approval of Major General William L. Sibert, Director 
Chemical Warfare Service, U. S. A. 
2 Phys. Zeit., 14, 838, 1913. 
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Chicago meeting of the American Physical Society, December 2, 1916, 
and published in the Proceedings in April.1. In May, 1917, at the request 
of Mr. Bradley Dewey, then assistant in charge of the Investigation of 
Gases in Warfare, further publicity of this work was indefinitely post- 
poned. Experiments have been continued on the subject ever since as 
time has permitted. The departure of every one of the senior members 
of the staff of this laboratory into the service of the Navy or the Army 
left the writer with but little time for research and later a call for his 
services in the Ordnance Department took him away from it altogether. 
Many others have in the meantime become interested in this subject 
and a great amount of valuable information has been obtained, especially 
by some whose previous experience made them especially fitted for work 
of this sort. 

The present paper deals with the early experiments on the subject 
most of them prior to January, 1918. 

The method of experimentation adopted was one which made possible 
the determination of the time rate of adsorption under the conditions of 
constant volume. From a practical point of view this seemed desirable. 
Experimentation with this method falls into two broad categories. 
(a) By using a relatively large amount of gas, conditions of saturation 
can easily be obtained, and the time necessary to produce them observed. 
(6) By using a relatively smaller amount of gas so that saturation may 
never be reached very striking differences in the rate of adsorption of 
different samples or of the same sample under different conditions 
become apparent, and it is hoped that this may throw further light on 
the nature of the process. This latter method of use is herein described 
under the title of “ pre-equilibrium effects.” 

The apparatus is simple and the method of experimentation may be 
described with reference to Fig. 1. A McLeod Gauge, M, having three 
different ratios (18,920-806.1—107.5) connected to a mercury manometer, 
H, formed a convenient method of observing pressures over the range 
covered, 7.€., 0.00001 cm. to 100 cm. The charcoal was contained in 
tubes, C, either of iron, quartz or Pyrex glass, depending on the tempera- 
ture to which it. was desired to heat it. Small Geissler tubes were 
attached to the charcoal bulbs for the convenience of identifying the gas 
content and affording a quick qualitative indication of the pressure. 
A volume, B, closed from the tubes by carefully selected stopcocks, 
served as a reservoir to hold the gas whose rate and total adsorption was 
measured by the gauges M and H. The system was evacuated either 
by Gaede pump (drum rotating in mercury) or by tandem mercury 

1 Puys. REV., 9, 336, 1917. 
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aspirator and diffusion pump, backed by water aspirator. The three 
charcoal tubes could be heated and evacuated, ‘‘outgassed,’”’ simul- 
taneously by an electric furnace. Temperatures were measured by a 
Leeds & Northrup potential point resistance thermometer with bridge 
calibrated in degrees C. 

The experimental method was to outgas the charcoal for measured 
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Fig. 1. 


time and measured temperature after which residual pressure was 
observed both at the outgassing temperature and at 500° C., at 400° C.. 
and after cooling to room temperature. Connections to the pumps were 
shut off as soon as the charcoal began to cool and the outgassing con- 
sidered complete if the pressure was unreadable on the highest ratio of 
the gauge after cooling to room temperature. The bulb B and the gauge 
space was then filled with dry air at a pressure of about 90 cm. (This 
varied somewhat with the room temperature in order that the mass 
of gas should be constant = 1.2 gms.) The mass of charcoal used in 
each tube was 25.7 gms. This weight was taken with the material 
saturated with dry air at 29° C. and 75 cm. pressure. 

After being outgassed one of the three charcoal tubes was immersed 
in liquid air for about half an hour to assure temperature equilibrium, 
then the stop cock connecting to B was opened and the pressures read 

1 The mercury pumps were obtained through the courtesy of Mr. C. E. Skinner, Westing- 


house Electric and Manufacturing Co., East Pittsburgh. They have been described in the 
literature by Shrader, Puys. REv., 12, 70, 1918. 
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at intervals while the contents of B was being adsorbed. Corrections 
were made for the partial pressure of the residual neon when this began 
to introduce an error, 7.e., at pressures below 0.001 cm. It was assumed 
that the neon was not adsorbed and a constant amount subtracted. This 
assumption is obviously not true since pressures frequently are observed 
which are very much less than the neon partial pressure so that the correc- 
tion made in,this manner leaves less than nothing for the’pressure. The 
amount of neon adsorption has not yet been measured to the writer’s 


Log -P 





knowledge and pressures lower than 0.0005 are not regarded as at all 
accurate and not plotted. The interesting phenomena can be produced 
at very much larger pressures than this. 

For the sake of condensation the results are here given graphically. 
The logarithm of the pressure in centimeters is plotted against the 
logarithm of the time, measured from the moment of opening the cock, 
in minutes. This results always in the same characteristic family of 
curves of which Fig. 2 is a typical example. 

The relative amount of gas is not sufficient in any case to produce 
saturation of the charcoal and the pressure falls throughout the course 
of the observations, 7.e., for over five hours in the slower samples. 

Curves a, b, c are three different specimens of charcoal differing only 
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in their carbonization temperatures which were 900°, 850° and 800° 
respectively. The outgassing took place at 425° and was continued 
about six hours. The enormous difference in effectiveness of these 
three samples is striking. The pressure initially being about 90 cm. is 
reduced in 10 minutes to 20 cm. in the case of a, to 0.071 cm. in the case 
of 6, and to about 0.003 cm. in the case of c. These curves are by no 
means unique ones. Each type has been reproduced repeatedly. 
Successive runs on the same sample are shown in Fig. 3 for sample 12. 





Fig. 3. 


This material was carbonized at 850° for 1 hour. Outgassings were at 
600° and were never less than 43 hours which was later adopted as entirely 
sufficient for complete evacuation. This means only such evacuation as 
will leave no readable pressure on the highest ratio of the gauge after 
cooling to room temperature. Residual pressures after such outgassing 
were at 600° C., 8x 107° cm.; at 400° C., 8x 10-§ cm. Systematic 
improvement, 7.e., increase of rate, in the sample after ten consecutive 
runs occurs and after this much use the sample is practically as good 
as that one shown in Fig. 2, curve c, which was carbonized at a lower 
temperature. Fig. 4, sample 14, shows a still more extreme case 
of this variation in a single sample with use. Carbonization was here 
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made at 875° for 13 hrs. outgassings, at about 600° for 4} hrs., as in 

‘ Fig. 3. The entire range of behavior from that of a very poor sample 

to that of a very good sample is covered in 12 consecutive runs. Curve 

5 is irregular and due to a leaking stop-cock as is also the latter part 
of curve 70. 

It was observed if at any time any samplé was heated to 1200° its 


he pS” S) 


0.0 


9.0 





725 


Fig. 4. 


adsorptive properties were completely ruined. This is illustrated in 
Fig. 4, A, which is a continuation of work on sample 14 of Fig. 4. The 
volume of gas admitted was here increased from 873 c.c. used in all 
previous curves to 1,707 c.c. and the first curve 73 shows saturation 
obtained in about 34 minutes. The sample was now put in a transparent 
quartz tube. Several outgassings were made at 600° and slight improve- 
ment resulted, the saturation value falling considerably, the seventeenth 
run being the lowest. Between the nineteenth and twentieth runs the 
temperature was raised to 1200° for 20 minutes. The twentieth run is 
at the top of the sheet showing the almost complete loss of adsorptive 
power. On reducing the volume of gas admitted to 351 c.c. and taking 
several more runs the curve remained stationary in this location. 

The transparent quartz tube was attacked by the carbon at this 
high temperature and completely altered in its physical characteristics. 
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It was almost completely devitrified and became of about the appearance 
of egg shell opaque and brownish in color with little mechanical strength. 
It was left with sufficient strength however to withstand pressure and 
was not observed to leak. The transformation is rather peculiar in not 
becoming visible until the tube cools. On being taken out of the furnace 
it is a bright cherry red and perfectly transparent, the charcoal in the 


2. 





7.0 


Fig. 44. 


interior being clearly visible. As it cools in the air it grows opaque. 
These observations have been repeated on three different tubes with 
identical results. The change is ascribed to a reaction between the 
carbon and the quartz although this reaction is commonly supposed to 
occur only at temperatures considerably higher. The temperature 
is much too low to allow of the formation of carborundum and it is 
thought that this compound may be identical with a substance known as 
silfrax which has been described as having similar physical properties to 
those here observed and which is found in the cooler portions of the 
carborundum furnaces. Because of the failure of quartz in this respect 
iron tubes were adopted in future work at higher temperatures. 

It was next found possible to change the adsorptive power of a sample 
in the reverse of the manner shown above. Fig. 5 of sample 16 is illus- 
trative. This sample was carbonized three hours at 670°, just a trifle 
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above the temperatures to be used subsequently in normal outgassing. 
The first run indicated an admirable efficiency. The method of reducing 
the efficiency was to increase the outgassing temperature to 800° or 
higher and the details of outgassing between each consecutive run are 
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given in the insert on the figure. The curves rise for four runs with 
increasing the outgassing temperature each time. By reducing it to 640° 
and prolonging the time the sample shows marked recovery. A short 
go00° outgassing pushes the curve to the top of the page. Fig. 6 is a 
continuation of the same set of experiments. Here this same sample no. 
16 is entirely restored by a series of prolonged low temperature out- 
gassings. The modern term for this process is activation. Fig. 7 shows 
further continuation of work with the same material in which it is again 
rendered inefficient (curves for runs 10 to 13) and finally reactivated 
again (15 to 17). Changes become less easy to produce towards the 
end of a long series of runs of this sort. Heating samples in iron tubes 
to 1200° C. was found to destroy the adsorptive power beyond recovery 
just as well as when the containing tube was quartz. 

The most effective charcoal produced up to the present time for the 











oo ADSORPTION OF GASES BY CHARCOAL. 289 
adsorption of air under the conditions outlined above has been the 
material carbonized at 670° and then put through a series of “runs” 
and ‘‘outgassings’’ which consist of alternately adsorbing 0.00467 gms. 
of air per gm. charcoal at — 188° C. and removing it by heating for 43 
hrs. at 600° C. Two hypotheses have been advanced for the interpreta- 
tion of this fact. The first is that after carbonization there remain 
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considerable amounts of heavy hydrocarbons “clogging the pores”’ of 
the material and that these are gradually removed by repeated flushing 
out with gas. The second has been suggested by Sgt. H. C. Thompson, 
after reflection on the point of view advanced by Miss Ida Homfray, 
who has done under the direction of Professor Ramsay some of the best 
quantitative work yet published on the pressure-absorbed volume- 
temperature relations of a particular sample.' From similarity of the 
empirical relations discovered to those known to hold for concentrated 
solutions, the process is visualized as if it were a saturated solution of 
carbon in essentially liquefied gas. Repeated solution and subsequent 
evaporation (here taking the form of adsorption at low temperature and 


1 Zeit. Phys. Chem., 74, 139, I910. 
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outgassing at moderately high temperature) may result in the gradual 
alteration of the character of the carbon with respect to its fineness of 
division, something similar to precipitation taking place. As a test of 
the hydrocarbon hypothesis attempts were made to improve the be- 
havior of the material by treating it with the lighter liquid hydrocarbons, 
ligroin, alcohol, and acetone. Through the courtesy of Professor Julius 
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Stieglitz this work was carried out in Kent Chemical Laboratory by 
Mr. M. C. E. Hanke. The liquids were carefully distilled and redistilled 
to ensure purity. 50 gms. of the charcoal was then boiled in 500 c.c. of 
the solvent in a reflux condensor in a water-bath for four to five hours 
when the solvent was filtered off, redistilled and the residues examined. 
The following residues were obtained: 


Sample 21. 


Ligroin 0.005 gm. 
Alcohol 0.212 gm. 

0.35 soluble in acetone. 
Romans RS gm, 0.03 soluble in water. 


Sample 19. 
Ligroin 0.004 gm. 
Alcohol 0.294 gm. 
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0.570 soluble in acetone.’ 
0.040 soluble water. 
0.010 insoluble in both. 
30 gms. of sample 19 extracted with water gave a residue of 0.4 insoluble in a small 
amount of water. 


? < 
Acetone 0.620 gm. ( 0.050 | 


These charcoals were then subjected to adsorption tests and both 
showed marked loss of efficiency rather than gain as might have been 
expected if the heavy clogging materials had been somewhat removed. 

Earlier work in which charcoal was extracted with hot hydrochloric 
acid to remove ash showed similar injury to the adsorptive power. In 
this case it had been found necessary to wash the material for nearly 
eight months to get rid of all traces of acid. In all cases of liquid treated 
charcoal the adsorptive power rapidly recovers with use when the succes- 
sive outgassings are kept at not higher than about 600° C. as indicated 
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in general above. These experiments therefore must yet be regarded 
as inconclusive not only because of the relative small amounts of impurity 
extracted but because the subsequent loss of efficiency of the material 
can readily be interpreted as a secondary result due to the difficulty of 
freeing the pores from the liquids used. 

Other methods of activation based on the hydrocarbon hypothesis 
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and using gaseous reagents have been developed elsewhere with notable 
success, especially for field conditions in which the adsorption of a com- 
plex vapor is required and where the adsorbing material is already 
saturated with air, water, vapor, etc. For the rapid production of high 
vacua, charcoal activated thus is not notably better than that discussed 
above. 

A comparison is given in Fig. 8 of the best material produced here by 
the method of continuous use and that which has been pronounced the 
best for field conditions in adsorbing noxious vapors and which has been 
produced by these other methods of activation. The laboratory char- 
coal, 16 abc, is less active initially but runs to a lower ultimate pressure 
than does the field material US4 and US6. It is thought likely that 
there may be a purely surface condensation as well as a slower diffusion 
into the interior or to less readily accessible surface in accordance with 
a point of view originally advanced by McBain. Experiments to deter- 
mine the correctness of this view with respect to modern charcoals are 
in progress. 

No rational expression for the variations in the adsorption described 
above has yet appeared. In fact even an empirical analytic expression 
has not been formulated. The phenomena here are of such complexity 
by nature that it would seem to be more profitable to simplify experi- 
mental conditions and secure much more data before attempting to 
formulate a theory. 

Experiments involving the saturation conditions and also experiments 
on relative adsorption of mixtures are important and will be discussed 
in subsequent papers. 


RYERSON PHYSICAL LABORATORY, 
March, 1g19. 
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FLUORESCENCE AND ABSORPTION OF THE URANYL 
SULPHATES. 


By E. L. NICHOLS AND H. L. HOWEs. 


SYNOPSIS. 


The spectra of the uranyl sulphates, when resolved by excitation at the tempera- 
ture of liquid air, exhibit fluorescence series whose frequency intervals range from 
85.7 in cesium uranyl sulphate to 83.0 in potassium uranyl sulphate. The shift 
towards the violet with increasing molecular weight of the compound is unusually 
large. The absorption bands extend into group 7 of the fluorescence spectrum 
without break of interval and there are many reversals where fluorescence and 
absorption overlap. 


RANYL sulphate (UO.SO,;.3H.O) and the double uranyl sulphates 
of the alkaline metals are among the most brilliant of known 
fluorescent substances. Their spectra are characterized by an unusual 
complexity of narrow bands brought out by cooling to the temperature 
of liquid air. The group structure is by no means so obviously uniform 
as in the case of the compounds considered in previous papers nor is there 
the marked similarity between the spectra of the double sulphates which 
has been noted in the discussion of the fluorescence and absorption of 
the chlorides, nitrates and acetates. 

There are however certain characteristics common to all the sulphates 
thus far examined, 7.e., 

1. Fluorescence at — 185° vanishes with the group 7 (frequency 2,000 
to 2,070), which is the reversing region for this family of salts, and the 
eighth group lies entirely within the absorption region. 

2. Absorption of the type having the usual 70-frequency interval, 
extends without change of interval into group 7. What we have called 
the heads of the prominent absorption series lie in the region between 
2,040 and 2,060 instead of at 2,170 as in the spectra of the acetates. 

3. The fluorescence groups are distinguished by a strong pair of 
bands fairly dominant in all the spectra excepting that of the sodium salt. 
The series formed by the members of shorter wave-length of these 
pairs was terminated towards the violet, where it meets the head of the 
corresponding absorption series mentioned above. 

4. The location of the fluorescence groups in the spectrum of the 
sulphates, is not approximately the same, for the different salts do not 
approximate coincidence as is the case with the corresponding acetates. 
On the contrary, there is, in general, a shift toward the violet with in- 
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creasing molecular weight, as may be seen from Fig. 1 in which Group 5 
of the six sulphates under consideration in the present paper is depicted. 


This shift is larger than that observed in the double nitrates but not 


quite so systematic. 
If the above groups are aligned by bringing band F into vertical 
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Fig. 1. Fig. 2. 





registration as in Fig. 2 it will be seen that the apparent dissimilarity 
in the composition of the group in the various salts is due rather to the 
occurrence of various weak bands than to the arrangement of the stronger 
bands which while not identical approximates to identity almost as closely 
as in the acetates or the nitrates. As in previous diagrams (see our 
papers! dealing with the spectra of the chlorides, nitrates and acetates) 
the vertical lines indicate the position of the crests of the bands and, 
qualitatively only, their relative intensities. 

They are estimated in making observations merely as very strong (vs), 
strong (s), medium (m), dim (d), very dim (vd), and very very dim (v vd) 
respectively. No attempt is made in the diagrams to indicate the width 
of the bands. 

1 Puys. REv. (2), VI., p. 358; VIII., p. 364; IX., p. 113; X., p. 348; XI., p. 285. 
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The spectrum of the single sulphate resembles those of the double 
sulphates much more nearly than is the case with the single and double 
salts of the other acids. 

Wave-lengths, frequencies and relative intensities of the bands observed 
in the fluorescence spectra of uranyl sulphate, and the double sulphates 
of ammonium, sodium, potassium, rubidium and cesium are given in 
Tables I. to VI. The determinations of wave-lengths were made by the 
visual and photographic methods described in the papers just cited. 


TABLE I. 
Uranyl Sulphate, UO2.SOs- 3H20. 

Prepared by extracting an excess of Uranium Oxide (U3Os) with sulphuric acid and 
oxidizing the solution to UO2.SOs by means of H2O2. This neutral solution was evaporated 
to crystallization. The crystals were needles, some being I x 2x 5 mm. in size, apparently 
orthorhombic with three good pinacoidal cleavages. The angle of the optical axes is very 
nearly 90° and the double refraction is positive. 


Fluorescence at — 185°. 





Group. Series. be 1/u X 10%. Int. Group. Series. ye 1/u X 10%. Int. 
2 E 6254 1599.0 d A 5256 1902.6 d 
F 6223 1606.9 d B 5237 1909.5. vd 
; B’ 5228 1912.7 vd 
B 6046 1654.0 vd C 3210 | 19194 | 4 
C 6009 1664.2 vd Cc’ 5203. «1921.9 d 
F 4 | 1001.0 | a F 5135. «1947.5 5 
H | 5857 | 1007.4 | vd F’ 5123. 1951.8 =m 
ae T5827 1716.1 vd H 5091 | 19644 m 
B 5740 1742.2 vd I 5071 1972.0 d 
c 5716 1749.4 d J .5054 1978.6 d 
> = | | * A’ 5027, :1989.2 di 
- | =~ | ee) BB .5014. 1994.4 vd 
‘ . | | eae) B’ 5004. 1998.5. sm 
Sc | ey | « C 4990 2004.0 m 
a | we | me C’ 4981 2007.6 vd 
I 5551 1801.3 | vd C” 4978 20088 vd 
: | | oe! C’” 4974 20105 vd 
A 5506 1816.5 d D .4964 2014.3 vd 
B 5478 1825.6 vd D’ 4955 2018.2 vd 
ty 5441 1837.9 d E 4938 2025.3 m 
D 5423 * 1843.9 vd E” | 4933 | 2027.2 d 
" E 5394 1853.8 m F, 4926 2030.0 vd 
. F | 5369 18624 s F | 4917 | 2033.9 s 
F’ 5357 1866.7 vd F’ .4912 2035.8 vd 
G | 5346 1870.7 | vd F™ | 4905 | 2038.7 | m 
H 5321 1879.2 ' d H 4878 2049.9 m 
I | 5301 18864 9d J 4843 | 2064.8 | vd 
J 5280 1893.9 vd 








296 E. L. NICHOLS AND H. L. HOWES. Sees 


TABLE IIT. 
Uranyl Ammonium Sulphate, (NH4).U0O2.(SO«)2.2H20. 


Prepared by crystallizing a solution of the two component salts in the proportions of the 
double salt. The composition has been determined by Rimbach (Ber. d. d. Chem. Ges., 
37, 479, 1904; the crystallization by de la Provastaye (Ann. Chem. Phys. (3), 5, 51, 1842, 
who described it as being monoclinic. 

The preparation consisted of square and rounded plates of diameter from .025-.050 mm. 
The needle-like crystals showed distinct pleochroism from colorless to yellow, the greatest 
absorption being in the direction of greatest index. 


Fluorescence at — 185°. 








Group. Series. ye 1/u X 10%. Int. H Group. | Series. | Me 1/u X 105. | Int. 
E 6214 1609.2 4d H,  .5300 1886.8 vd 
2 F | 6185 1616.7. d H 5295. 1888.7 d 
H , 6100 1639.3 d 5 H’ | 5290 1890.4 d 
7 : 5 pm peor = ; I 5280 , 1839.3 vd 
‘ / y C 7 = > > 
Cc 5077 16731 d a | J 5265 | 1899.3 vd 
D 5041 1683.2 d A 5249 -1905.2 d 
$ E 5911 1691.8 s B,  .5230 1912.0 vd 
F 5883, 1699.7. s B 5214 19178 d 
H .5809 1721.6 vd Cc, .5198 1923.8 m 
+ eg Boone C | $194 19254. m 
A wae | SatS | we c’ | 5190 | 19268 m 
B Sil7_ 1749.2 dd | ‘p, | 5177 | 1931.6 4d 
- (a | eee | D 5169 1934.6 d 
- =| wee A 6 E, | 5152 | 1941.0 vd 
D 5663 1765.8 m E | 5147 | 1943.0 5s 
‘ = | ae | BS | 8 Fi | 5128 1950.1 vd 
F | 3008 | 1783.3 | 8 F 5123 1951.9 vs 
G | 3599 | 17923 | vd F’ | 5116 | 1954.7 vd 
H, 55) | 1002.1 | vd G, | 5106 | 19586 vd 
H 5539 1805.5 | m H | .5073 | 1971.2. vd 
_ J .5508 * 1815.5 vd - H’ 5066 1974.9 d 
A 5491 = 1821.2 d J 5038 1984.9 vd 
B. $472 1827.5 vd a | oom mee l a 
B | 3456 | 1833.0 | m A 5015. 1994.0 vd 
a | | See om B | 4998 20009 d 
- |_| set) C | 4975 20100 m 
Cc, 3430 1841.6 | sm D,  .4960 2016.1 d 
5 Di | 3415 | 1846.7 | vd 7 D 4955 20183 4d 
D ——-5406 «1849.8 d E | 4933 20271 | s 
;. | —| a | * F, 4916 2034.2 vd 
- 1 ys 
F, | 5361 | 1865.3 | vd . |) See | eee | 
F 5354 1867.6 ss F’ | 4905 | 2038.7. vd 
Fr 5346 1870.6 d G: | 4893 2043.7. vd 
G; .5337 1873.7 vd 
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TABLE III. 
Uranyl Sodium Sulphate, Naz.UO2.(SO4)2.2H20. 


Prepared by crystallizing a solution containing the two component salts in the proportions 
of the double salt. (See O. de Coninck, Chem. Centralblatt, IX., I., 919, 1905). The 
preparation consisted of crystalline grains about .5 mm. in diameter with much mother liquor 
or deliquescence. The crystals are apparently monoclinic with positive double refraction. 


Fluorescence at — 185°. 

















Group. Series. Me 1/p X 103. | Int. Group. __ Series. be 1/u X 10%. 
B | .6296 | 1588.3 | vd D 5374 | 1860.8 d 
C | 6255 | 1598.7 | vd E 5355 | 1867.3. d 
E | 6182 | 16176: d F 5330 | 1876.0 m 
: F 6151 | 1625.8 | m ‘ G | .5311 | 1882.7 | vd 
G | 6122 | 1633.5 | vd G’ 5301 | 1886.4 | vd 
H 6093 1641.2 vd H .5287 1891.4 d 
H’ 5278 | 1894.7 d 
B 5976 | 1673.3 d I 5260 1901.1. d 
B’ .5963 1677.0 vd $$ — —— on 
C 5045 | 1682.1 d A 5226 | 1913.5 | d 
D 5908 | 1692.6 d B 5197 1924.2 | vd 
$ E 5880 | 1700.7. d C, 5181 1930.1 | vd 
F 5851 | 1709.1 s c 5167 1935.4 | m 
G 5828 | 1715.9 d D,  .5152 1941.0 | d 
H 5797 | 1725.0 d D 5141, 1945.1 | vd 
= E | 5123 1951.8 | d 
A | 3729 | 1745.5 vd . F, 5110 1956.9 vd 
Bo 5698 | 1455.1 m F 5101-19604 s 
Ci 5677 1761.5 vd G: | 5087 1965.8 | vd 
C 9665 | 1765.1 om G | 3077 1969.5 | vd 
D, 5642 «1072.4 dd H; .5061 1975.9 | d 
D | 3629 | 165 | d H  .5050 1980.2 | m 
4 E 5607 | 1784.10 d I 5038 1984.9 | vd 
F .5579 1792.3 m — — 
G  .5560 1798.6 ~~ vd A 3006 »=-:1997.6 | vd 
H .5532.-:1807.7. di B,  .4977 2009.2. vd 
H’ 5522 1810.9 vd B 4965 2013.9 | s 
I 5509 2815.9 vd C, | 4955 2018.2 | m 
J 5501 1817.9 vd ; C | 4943 2022.9 m 
; E 4910 20365 m 
A | 5468 18288 4d > | wo | wenn | a 
: > | a) cee | G 4873 | 2052.3 vd 
tae H 4857 | 2058.9 d 
: H’ 4847 | 2063.1. vd 
D: | .5388 | 1856.0 d_ | 











SECOND 


L. NICHOLS AND H. L. HOWES. SERIES. 


298 E. 


TABLE IV. 
Uranyl Potassium Sulphate, K2.U02(SO4)2.2H20. 


Prepared by crystallizing a solution of the two component salts in the proportions of the 
double salt. The composition has been determined by Rimbach (Ber. d. d. Chem. Ges., 37, 
478, 1904. The crystals obtained in this laboratory were orthorhombic. The preparation 
consisted of six-sided plates and rounded grains about .045 mm. in diameter, the plane of the 
Double refraction positive. 





optical axis being a (100) and 6 the acute bisectrix. 











Int. 





Group. Series. | 





Int. 


Group. | Series. ye 1/u X 103. be 1/u X 103. 
C | 6267 1595.7 vd F’ | 5332 | 1875.5 | d 
D 6229 1605.9 vd G, | .5324 1878.3 | vd 
2 E 6188 1616.0 d 5 G | .5319 1879.9 vd 
F 6164 16223 m G’ 5314 1881.8 vd 
F’ | 6150 1625.9 vd H 5295 1888.6 vd 
G | 6129 1631.6 vd I | .5276 1895.2 vd 
B .6010 1663.9 vd A’ .5240 1908.4 vd 
C,  .5981 1672.0 d B,  .5235 1910.2. vd 
Cc 5957 16788 d B 5226 19134 d 
D, .5941 1683.2 vd C, | 5199 1923.4 vd 
‘ D 5921 1688.0 vd Cc 5189 1927.2 m 
E 5886 1698.9 vd D, .5173 1933.1 vd 
F 5859 1706.7. m D 5164 1936.5 d 
F’ 5851 17091 d D’ | 5157. 1939.1 vd 
es 5830 | 1715.3 vd 6 E,  .5144 1944.0 vd 
| H 5804 | 1723.0 | vd E 5137 1946.7. m 
a 4 F 5115 1955.4 5 
B Si18 1748.8 vd F’ 5107. :1958.1 
C, | 307 | 553 | G, | .5097 | 1961.9 vd 
C 5680 1700.7 dd G | .5093 | 19634 m 
| | ie OM >’ | 5088 1965.4 vd 
m “ pom reg H | 5069 1972.6 4d 
F 5589 1789.1 5s ite ic 
F’ 5583 «1791.3. dd | ar 5023 | 1991.0 m 
| G 5563 1797.5 = vd B,  .5015 1994.0 vd 
| H 5539 1805.5 vd B 5007 1997.3 d 
| I 5519 1811.9 vd C, 4988 2004.7 vd 
; aia oe cal nl C 4973 2010.9 s 
A 5481 1824.5 | vd D, | 4959 | 20165 | vd 
B 5461 1831.0 d i : “ 
Kes 7 D 4951 2019.7 m 
Ci 3438 18389  d E’ 4935 | 20265 | m 
C 5424 | 1843.8 | m E | 4923 | 2031.3 | d 
5 D, .5405 1850.1 vd F 4906 2038.5 
? | oo) G.: | 4894 | 2043.3 i vd 
“ pn | mg | vd G 4889 | 2045.2 | d 
: 5 m - a i i ; 
F 5342 | 1871.8 | es G | 4884 2047.5 vd 
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TABLE V. 
Uranyl Rubidium Sulphate, Rb2.UO2.(SOs)3.2H20. 


Prepared by crystallizing a solution containing the two component salts in the proportions 
of the double salt. The composition has been determined by Rimbach (Ber. d. d. Chem. Ges., 
37, 479, 1904). The crystallization is in every way like the potassium salt although the 
solubility is less and the crystals smaller. The preparation consisted of six-sided plates about 
.02 X .04 mm. in size. 


















































Fluorescence at — 185°. 

Group. __ Series. | Me 1/u* 103, Int. Group. __ Series. Ie 1/u* 103. Int. 
1 F | 6485 1542.0 | vd F’ | .5332 | 1875.3 vd 
| aon | oka | a ; Gi | 5320 | 1879.7 vd 

D | 6225 1606.4 4 5 G 5310 1883.2 vd 

2 : — H | .5292 1889.5 | vd 
. aaa) 1 | 5276 = 1895.4 vd 

F 6157 1624.1 d 

— | - A’ | 5240 19084 vd 
7 | | oe ol B | 5223 1914.5 d 

.  —| a) © C, | .5198 19238 d 

3 | a | « C | .5187 | 1927.8 | m 
> |e | ae lS D | .5163 1937.0. d 

- — | - E 5136 «1946.9 m 

. | tone | * . F 5115 1955.2 | vs 

B | .5719 | 1748.5 | vd F’ | 5105 | 1958.7. vd 

C, 5692 1757.0 vd G, .5096 1962.3 vd 

C | .5079 | 1760.9 vd G | .5087 1965.8 vd 

D | .5643 1772.2 d H .5068 1973.3 vd 

P E | .5616 1780.6 m I 5053 1979.0 vd 
. ioe | toe | 6s A’ | 5021 1991.8 vd 

. | =| oe B | .5008 1996.7. d 

G | Se | ee | lv C, | 4987 2005.2. d 

Ht | 5538 | 1805.7 | vd c | 4973 | 20100 | m 
_! | 5520 | 1811.6 | vd | D 4953 2018.9 d 

B | 5461 1831.2) d E, | 4930 20284 d 

C, | .5438 1838.8 d E 4922 2031.8 d 

. c | .5424 | 1843.7 | a F 4906 2038.4 s 
” D | .5302 18546 d G, | 4890 | 2045.1. vd 
E | 5364 1864.3) m G | 4880 | 2049.2 | vd 

F | .5342 | 1871.8! vs 
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TABLE VI. 
Uranyl Cesium Sulphate, Cs2UO02(SO).2H:20. 

Prepared by precipitating uranyl sulphate by adding cesium sulphate in calculated 
amount to form the double salt which is very insoluble. The composition of the crystals is 
given as above by A. de Coninck (Chem. Centralblat, IX., 1, 1306, 1905). The preparation 
consisted of very small square plates about .or mm. on a side, the largest of which showed an 
apparently uniaxial negative figure. The crystals are therefore presumably tetragonal. 
































Fluorescence at — 1850. 

Group. | Series. ye 1/u X 10%. Int. Group. ___ Series. | fs 1/uX10%. | Int. 
2 | F 6129 1631.8 d E | 5321 | 1879.3 | m 

cea Gea is en F 5299 1887.0 s 
A .5989 1669.7 vd i G | .5276 | 1895.4 vd 

C, | .5939 | 1683.8 d w | 5230 | 19086 | d 

3 C | 5916 | 16903 d I 5228 | 1912.9 | vd 
|. 5894 | 1696.6 vd — 

| E, | .5869 | 1703.9 = vd A 5189 1927.2 | d 

| E 5850 | 1709.3 d B 5168 1935.0 vd 

F 5825 | 1716.6  m Ci | 5148 | 1942.5 | vd 

~ Cc 5140 1945.7 m 
A 5695 1755.9 vd D 5118 1953.7 wd 

B 5671 | 1763.4 vd D’ 5110 1956.9 wd 

Ci | 5652 | 1769.2 d 6 E,  .5099 1961.0 d 

C 5636 1774.3 dd E 5088 1965.5 m 

D ~~ .5612 1782.0, d F 5067 1973.6 vs 

E | 5574 | 1794.0 | m G’ 5035. 1986.1 vd 

F | .5550 | 1801.7 s H | .5019 19926 4d 

G 5517 1812.5 vd I 5003 1999.0 m 
H 5490 18214 vd — 

I 5472 1827.4 vd A 4970 | 2012.1 d 

Nl <9 Roe ees Cc 4920 2032.6 m 

| A | .5434 | 1840.3 d . D 4902 | 2040.0 | vd 

| B | 5410 | 1848.3 vd 5 E, | .4888 2045.8 | d 

| Cr | 5300 | 1855.2 d E | 4874 | 2051.6 | m 

C .5374 1860.8 m F 4858 2058.6 | s 

| D | 5353 1868.0 d | 
E, | .5336 | 1874.2 d | | 





~~ 





FREQUENCY INTERVALS OF THE FLUORESCENCE SERIES. 


The average frequency intervals of the various series, as derived 
from the foregoing tables are given in Table VII. together with the 
weighted average for each salt. It will be noted that the intervals of the 
single sulphate and the double salt of cesium are distinctly greater than 
the intervals of the other four sulphates. There is nothing fortuitous 
about these differences for as will be seen from the table the different 
series for each salt have intervals within one frequency unit of the general 
average for that salt, with three exceptions. 
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These exceptions are Series C; in the ammonium and sodium double 
salts and G, in the ammonium salt. Such occasional apparent dis- 
crepancies, are not uncommon in the fluorescence spectra of the uranyl 
salts. They are not due to accidental errors but are probably ascrib- 
able to the complexity of bands having overlapping components 


TABLE VII. 


Average Frequency Intervals in the Fluorescence Spectra of the Sulphates. 




















Intervals. Weighted Averages. 
Series. 40.80, | (NHi):U0:- Na:U02($0.); K:U02(SO.); | Rb;U02(SO.)s | CS:002(S0.)s 
+3H:O. (SO.)3+2H20. +2H:0. +2H:0. | +2H:0. | +2H:0. 

A 84.1 84.0 | «85.6 
A’ 83.3 | 
Bi 84.5 | 
B 85.1 83.5 | 84.2 83.3 82.8 | 86.1 
B’ 85.8 | 84.2 
Cc, 85.6 | 85.6 83.2 82.7 86.2 
C 84.2 | 84.8 83.1 | 83.2 85.6 
Cc’ 84.9 84.5 
D,; 83.2 84.3 83.3 85.8 
D 85.2 83.8 | 84.2 82.8 | 82.5 
E, 83.2 | 85.7 
E 85.0 | 83.6 83.8 82.1 83.1 85.6 
F, 84.4 
F 85.4 | 83.9 83.8 83.3 82.7 85.4 
F’ 84.6 84.0 83.0 | 83.3 
G; 85.0 82.5 
G 85.2 84.4 82.7 83.5 86.0 
G’ 82.9 85.3 
H,; 84.6 
H | 85.5 83.0 84.4 83.2 83.8 85.6 
H’ 83.6 84.1 
I 85.2 84.9 83.3 83.7 85.8 
ji 85.2 
J 84.7 

Average 85.2 83.7 84.3 83.0 | 83.2 85.7 


the relative intensity of which in different portions of the spectrum 
varies progressively. Many such cases are known. A doublet ill- 
resolved and appearing as a single hazy band; the component of longer 
wave-length being much stronger in the bands towards the red and dying 
away gradually in subsequent bands as we approach the blue while 
the other component steadily increases, will give the effect of an increased 
frequency interval for the series. The increase might easily be of the 
general order observed in this case. 

There is also always the possibility of the presence of a trace of another 








302 E. L. NICHOLS AND H. L. HOWES. om 


uranyl compound one or two of the strongest series in whose spectra 
appear. Such cases, for example, are not uncommon in the study of the 
acetates where an admixture of the single acetate occurs. 


ABSORPTION SPECTRA. 


The difficulties in obtaining a complete record of the absorption bands 
of the uranyl sulphates are similar to those described in the previous 
papers already cited. The transmission, like that of the other uranyl 
salts ranges progressively from almost complete transparency in the red, 
yellow and green, to a high degree of opacity in the ultra violet. 

Large clear crystals of the sulphates are not obtainable and therefore 
it is not possible to use very thick layers and thus to follow the selective 
absorption far beyond the reversing region towards the red as has been 


TABLE VIII. 


Absorption Spectra of Uranyl Sulphates at — 180°. 





























Aver- 
Salt. Series. Frequencies. ie. 

| val. 

a. 2056.8 2128.1 2399.8 68.6 

a 2060.6 2202.2 70.8 

b’ 2068.7 2140.5 2209.2 70.1 
UO.SO, d, Cee sss Taio 
~ | d 2016.1 2081.2 2152.9 68.4 
3H20 e 2093.6 2160.3 2229.5 ' 68.0 
| f, | 2029.9 2170.0 70.1 

f 2102.6 2236.9 2373.0 70.1 
f’ | 2035.8 2102.6 2 

h, | 2045.8 2115.9 2186.7 2327.2 70.3 
h | i i 
as thee Ok hab aeAe ae e wad eae ed bo WeR es ORDER s 69.6 
| a | 2061.2 2135.3 2205.8 2275.3 71.3 

| | 2072.5 2212.4 69.9 

| ce | 2082.8 2155.1 2226.2 2295.2 2510.0 W142 
(NH,)2U02(SO,)2 | di | 2016.5 R, 2199.8 2263.0 2409.6 69.9 

| (R) 

ye 2096.0 2236.2 2305.7 2444.4 69.6 
2H.0 e’ 2031.8 2448.6 69.5 
| f; 2244.4 2315.6 2383.3 2524.0 2595.4 70.2 

f | 2107.6 2178.7 2250.0 2454.3 | 69.3 

f’ | 2039.6 2253.8 2323.8 2392.0 2464.0 2532.8 | 70.4 

£1 2044.0 2116.0 2187.1 | 71.5 

g | 2330.5 2401.0 2541.0 70.2 

h 2127.7 2198.8 2236.0 2409.6 2477.1 2549.4 70.3 





General average aerate Ss De eee HO AGI EE TSS OEE ES KS LOGE | 70.3 
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TABLE VIII.—Continued. 

















| | Aver- 

Salt. Series. Frequencies. ‘ age 
Inter- 
_ | val. 

a | 2069.5 _ 

| a’ | 2144.5 2214.7 | 70.2 

| b | 2080.8 2153.3 72.5 

NazU0x(SO.)2_ | ¢ | 2093.7 2306.8 2375.9 70.5 
a | dy; | 2167.3 soe 
2H20 | d 2172.5 2243.8 2314.8 2385.5 71.0 
e 2035.8 2107.5 2250.1 71.4 
e’ 2039.2 a 

f 2043.9 2114.3 2184.5 70.3 

gi: 2050.0 2120.3 2260.4 70.1 

g | Ss eee 

@ |2Oea SF = Tee 

pS, rs 

h 2063.4 2128.6 2199.9 71.3 

h’ | 2135.2 2207.7 72.1 

Nh cas Sa ooh Sots gl ard ko adit to A Woh wc A RO CD 71.3 
b; | 2063.1 2412.3 69.8 

b 2064.4 2136.4 2204.6 2276.9 70.8 

b’ =. 2065.7 2341.0 68.8 

C1 2071.9 2353.5 70.4 

K2U02(SO,)2 c 2078.6 2289.4 70.2 
+ d; 2017.3 2444.1 71.1 
2H20 d pc i, (Pree 

d’ 2158.2 aa 

e; 2174. eer 

e 2095.5 2307.0 2379.8 | 224 

e’ 2241.7 2312.1 2385.0 | 71.6 

f; 2035.0 2106.8 2246.7 70.6 

f 2039.6 2109.3 2179.4 2248.2 2390.6 70.2 

f’ 2250.7 eeree 

gi: 2293.5 Beer 

g 2116.4 2188.5 2256.7 2323.7 | 69.1 
g 2047.9 oe 

h 2056.8 2266.3 | 69.8 

CRC NIIINN 65.005 Bias Pawo a Se wled Aaah Waa eae wemde ae bn dws me Ue a | 70.3 





done in the case of the chlorides... The bands which we were able to 
locate lie approximately between 2,000 and 2,600 frequency units. They 
belong almost exclusively to the system having the shorter frequency 
interval of 70 +. A few end members of the reversing system, which 
presumably extends throughout the fluorescence region were discernible. 
Determinations were made in part by photographing the spectrum of 
the light transmitted by thin layers, in part by the method of reflection. 
1H. L. Howes, Puys. REv. (2), XI., p. 66, 1918. 
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TABLE VIII.—Continued. 
Salt. Series. Frequencies. 
bi 2065.6 2136.6 2205.7 2275.1 
b 2071.2 
Ci 2218.8 
c 2434.3 
d; 2014.9 
d 2230.2 2301.0 2443.2 
d 2370.5 
Rb2U02(SOx,)2 e1 2028.4 2096.2 2375.1 2449.8 
+> e 2241.2 2307.3 2378.7 
2H.0 e’ 2312.2 
f; 2106.6 2174.5 2249.2 
f 2037.9 2107.6 
f’ 2040.3 2109.7 2179.4 2385.7 
gi 2045.4 2322.0 2391.3 
g 2048.5 2117.7 2187.7 2256.7 2325.8 
h,; 2193.9 
h 2085.5 2267.3 2340.8 2408.5 
NII a o2>'ce, Gots erie is coun cases Coe es ate sk eck OG auc me oS rare we aa sie Aa whale SHE 
a 2096.0 2165.4 2236.9 2375.9 2445.0 2517.7 
a’ 2311.9 
Cc 2103.5 
c’ 2035.8 2106.4 
. e1 2115.1 
Cs2U02(SOs)s e 2120.0 2261.0 2329.6 2399.8 2471.0 
oun f 2061.2 2130.8 2200.6 
y 2133.4 
g 2065.5 2206.5 2279.5 
g’ 2071.9 2143.6 2215.8 2353.1 2426.9 
h 2077.2 
i 2084.6 2294.1 





General average 








2542.8 2613.4 


2498.3 2567.2 


SECOND 
SERIES. 


In Table VIII. the frequencies of the bands in the spectra of the six 
sulphates studies are arranged by series. 
nated by a small letter corresponding to the capital letter which denotes 
the fluorescence series to which it is related. 

As is frequently the case in these absorption spectra, one or more bands 
of a given series are commonly missing or at least not discernible in the 


negatives. 


Each series, as usual, is desig- 


On the other hand, nearly all the bands are found to be 


members of a series, which is definitely related to a fluorescence series 
and has the proper frequency interval. 
moreover are so located that they may be definitely associated to a 


The occasional isolated bands, 
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fluorescence series and may reasonably be classed as the sole visible 
member of an absorption series the remainder of which fails to appear 
in our photographs. 

The average frequency intervals for the six sulphates are: 


UO2SO;. (NHs)2002(SO;)2, Na2002(SO«)2, K2UO2(SO;)2, Rb2UO2(SO.)2 Cs:002(SOx4)s. 
69.6 70.3 71.3 70.3 69.8 70.4 


These show no systematic departure from the general average 70.3 
for the entire group. Lying as they do within one frequency unit of 
the average we may fairly conclude that within the errors of observation, 
which are rather large on account of the lack of definition and incomplete 
resolution of these absorption groups, the various sulphates have a 
common frequency interval. 

The frequency intervals of the various series of a given salt depart 
somewhat more widely from the average for that salt but again there is 
no systematic variation and it is probable that all the series would be 
found to have the same interval were it possible to locate the bands with 
greater certainty. 

SUMMARY. 

1. The fluorescence spectrum of the uranyl sulphates consists of eight 
equidistant bands, the first and eighth of which disappear at the tem- 
perature of liquid air. 

2. The remaining bands are resolved into groups of narrow line like 
bands the homologous members of which form series having constant 
frequency intervals, ranging from 85.7 in caesium uranyl sulphate to 
83.0 in potassium uranyl sulphate. 

3. The fluorescence groups are distinguished by a strong pair of bands 
about eight frequency units apart and several weak bands some of which 
are doublets. 

4. There is a shift of all bands towards the violet, with increasing 
molecular weights of about fifteen frequency units in passing from the 
spectrum of uranyl sulphate to that of caesium uranyl! sulphate. 

5. The absorption spectra of the sulphates is made up of series of 
bands having a frequency interval of 70.3 (general average). 

6. These absorption series extend into group 7 of the fluorescence 
without break of interval. There are many reversals where fluorescence 
and absorption overlap. The reversing region is therefore one group 
further towards the red than in most spectra of the uranyl compounds. 


PHYSICAL LABORATORY OF CORNELL UNIVERSITY, 
June, IgI9. 
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A CRITICAL THERMODYNAMIC DISCUSSION OF THE 
VOLTA, THERMO-ELECTRIC AND THERMIONIC 
EFFECTS. 


By P. W. BRIDGMAN. 


SYNOPSIS. 


In this paper the various relations between the Volta effect, thermo-electric 
effects, and thermionic effects are critically discussed from the general view point 
of thermodynamics, avoiding assumptions involving special mechanisms. The 
ordinary concept of an impressed E.M.F. is found inadequate, and a general defini- 
tion is proposed, competent to include systems in which the force driving electricity 
has not the character of a spatially distributed field of force. A thermodynamic 
proof, dispensing with all special assumptions, is given for a formula for the tempera- 
ture coefficient of the Volta effect originally given by Lorentz and Kelvin. This 
temperature coefficient involves a surface heat, the existence of which has not yet 
been established experimentally, and the possibility of which is usually overlooked. 
It is shown that Richardson has neglected this surface heat, and that the formula 
of Lorentz and Kelvin may be deduced also from the phenomena of thermionic 
emission when the surface heat is taken into account. Formulas are deduced 
connecting the latent heat of vaporization of electrons, surface heat, surface E.M.F., 
surface potential jump, Thomson heat, E.M.F. and potential gradient. It is shown 
that in general local heat, potential difference, and E.M.F. cannot be equal to 
each other. An expression is found from thermionic considerations for the Volta 
difference of potential between two parts of the same unequally heated metal, 
and the possibility suggested of using this effect in determining the hypothetical 
surface heat. It is shown that it is almost certain that in an unequally heated metal 
there are currents continuously flowing in closed circuits through the metal and the 
surrounding electron gas. It is shown that the Volta law of tensions must be 
capable of extension to include the local potential jumps and E.M.F.’s, although these 
are not susceptible of direct measurement. Finally, expressions are deduced for the 
effects of pressure and change of state on the Volta contact difference of potential. 
These involve the change of volume with surface charge and the effect of surface 
charge on melting pressure; effects for which no search has been made yet experi- 
mentally. 


INTRODUCTION. 


[* a recent paper I have described the effect of pressure on the thermo- 

electric properties of metals. In an effort to obtain as much inform- 
ation as possible from the results I later undertook to discuss the relations 
of thermo-electric phenomena to the Volta effect and the phenomena of 
thermionic emission. This discussion proved to be difficult because of 
the great differences of opinion prevalent with respect to fundamental 
ideas. The old controversies as to the location of the E.M.F. of a cell, 
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the nature of the Volta potential difference, and a locally absorbed heat 
are all involved and discouragingly confuse the issues. Nearly all 
previous discussions of these matters have involved special assumptions 
as to the relations of these phenomena. It is a question to what extent 
the correctness of the previous results depends on the special assumptions. 
In order that the discussion of the effects of high pressures might be free 
from such elements of uncertainty, I have started at the beginning and 
examined the whole field from a single point of view. In this examina- 
tion I have tried to avoid every special assumption, for instance assuming 
neither that the jump of potential at two metals in contact is equal to 
the Volta contact difference, as does Kelvin, nor that it is equal to the 
Peltier heat, as do Heaviside and Richardson. The methods employed 
in this examination are largely the general methods of thermodynamics; 
in this way the assumption of special mechanisms is avoided. The 
results of this critical examination constitute this paper. 

It turns out that a number of the previous results are unaffected by 
the special assumptions under which they were developed. In Richard- 
son’s work, however, I believe that I have discovered an effect which 
he has neglected, and which will bring his formula for the temperature 
coefficient of Volta contact difference of potential into agreement with a 
formula previously given by Lorentz and later by Kelvin. The effect 
neglected is a hypothetical surface heat, whose existence has not yet 
been searched for experimentally and whose magnitude may well be, 
for any information we have at present, large enough to essentially 
modify many of the thermionic formulas. In the following a number 
of thermionic formulas are given as modified by this effect. In addition, 
the specific relations are developed between the local E.M.F.’s, local 
potential jumps, and local heats which express the necessary relations 
when these quantities are not assumed respectively equal, as has fre- 
quently been done previously. A connection is found between the 
surface heat and the Volta difference of potential between two parts of 
the same unequally heated metal. Finally the effects of pressure and 
change of state on the various effects are discussed from the point of 
view of thermodynamics. 


THE CONCEPT OF IMPRESSED E.M.F. 

It is in the first place necessary to examine the concept of an impressed 
E.M.F., because with the discovery of new facts, such as those of electron 
emission, the old concepts have become inadequate. As commonly 
understood, a part of the E.M.F. between two points in a stationary 
medium is due to forces of electro-magnetic origin, and is given by the 
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line integral of the ‘‘electric’’ force. The electric force is to be com- 
puted in the classical way from the field equations. In addi- 
tion to forces of electro-magnetic origin, however, it is necessary 
to recognize the presence of non-electro-magnetic forces acting on elec- 
tricity. For instance, in an electron gas in which there is a pressure 
gradient, the pressure gradient gives rise to a non-electro-magnetic forec 
acting on electricity. Such forces may be specifically introduced into 
our equations and are called ‘“‘impressed forces,” in the same way that 
impressed forces are introduced into mechanics. In an electrical system 
in which there are impressed forces it is usual to recog- 
nize the presence of an impressed E.M.F.; it is this con- 
P.v, cept of impressed E.M.F. and its relation to that of 
impressed force which requires examination. 

It is usual to connect in a simple way the impressed 
forces with the impressed E.M.F. A careful exposition 
of this point of view will be found in Abraham (2), for 
example. Consider a conductor in which the electricity 
is in equilibrium under the action of the electric and 

P:¥; the impressed forces. We may denote the electric force 
by E* and the impressed force by E*. Then since there 
is equilibrium, E*+#*=o. The impressed E.M.F. be- 
tween two points in such a system is usually defined as 
fEds. This analysis of the situation is inadequate, however, as the fol- 
lowing considerations will show. 

Consider the behavior of a gas in a field of force, such as an ordinary 
gas in a gravitational field or an electron gas in a potential field. Leta 
portion of the gas originally at AB (Fig. 1) rise isothermally under 
equilibrium conditions to CD. The work done by the pressures acting 
across the boundaries in this displacement is zero. This may be proved 
by a direct integration, or may be simply seen as follows: Consider the 
work done across the surfaces during a displacement shown by the dotted 
lines. The work done by the top surface in moving through this dis- 
placement will be exactly neutralized at some later instant by the work 
received by the bottom surface in moving through the same displacement. 
Hence no net work will be done by the top and bottom surfaces together 
in the region CB. The total work of the operation will be that received 
by the bottom surface in moving from A to B minus that done by the 
top surface in moving from C to D. The first is ,v;, and the second is 
poe. But piv; = poe (isothermal). Hence no net work is done by the 
pressures acting across the boundaries in a displacement under equi- 
librium conditions. Work, however, is done against the gravitational 
or electrical forces during the displacement considered. 


D 




















Fig. 1. 
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We are here confronted with a paradox, the gravitational force being 
always equilibrated by other forces, but the gravitational force doing 
work during a given displacement while the others do none. (There is 
here no contradiction of the first law of thermodynamics, the energy 
required to increase the potential energy of position being provided by 
heat inflow as the gas expands isothermally.) The solution of the 
paradox lies in the observation that the two forces concerned, the gravi- 
tational force and the equilibrating forces, are entirely different in nature. 
One is a body force, and the other a differential pressure, of the nature of 
the stresses in an elastic solid. One would never think of saying that a 
gravitational force and the stresses called into play by it in an elastic 
solid were equal to each other. Still less can one speak of the line integral 
of the equilibrating forces; such an expression can have only a formal 
meaning and cannot be equal to the work done by such forces during 
the given displacement. 

It follows that the concept of an impressed E.M.F. as the line integral 
of a non-electric force has a chance of being correct only in those cases 
in which the non-electric force is in its nature a body force, like the 
forces of the electrostatic field. 

Before defining precisely what we shall mean by an impressed E.M.F. 
it is to be noticed that the idea is a relative one, as in all cases of energy 
transformation. Consider a closed circuit, for example, in which every 
one is pretty well agreed in calling the impressed E.M.F. the work done 
when unit quantity of electricity flows around the circuit. But work 
done on what? If the circuit consists of a dynamo and a motor, shall 
we mean the total work done by the motor, or the net work of dynamo 
and motor together? It must be obvious that to give impressed E.M.F. 
a precise meaning we must divide our universe into two parts; one is the 
part in which the action takes place which we specify as E.M.F., and 
the other we shall call the ‘‘outside”’ part, on which the action of the 
impressed E.M.F. is expended. We could therefore say that the im- 
pressed E.M.F. of a closed circuit is the energy, including heat, delivered 
to ‘‘outside’’ agencies when unit quantity of electricity flows around 
the circuit. In the example above, the motor may be taken as the out- 
side agency to which energy is delivered by the E.M.F. of the dynamo 
when unit quantity flows. 

With this recognition that impressed E.M.F. involves the specifica- 
tion of some outside agency to receive energy, and that the magnitude 
of the E.M.F. will depend on the choice of the outside agency, we define 
as follows the impressed E.M.F. operative between any two points of a 
stationary system. ‘‘The impressed E.M.F. between two points A, B 
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in the direction B to A is the energy delivered to outside agencies 
per unit quantity when positive electricity passes from B to A, plus 
the increase of energy of the electricity, including in this both increase 
of energy in the electro-magnetic field and intrinsic energy (as for example 
in an electron gas).’’ This reduces to the ordinary definition for a closed 
circuit, and for a battery on open circuit with terminals of the same 
metal reduces to the electrostatic potential difference of the terminals, 
as it should. By ‘energy per unit quantity ’’ as used in the definition 
is to be understood the limit of the ratio of energy to quantity for quanti- 
ties sufficiently large. That is, the distinction emphasized by Lorentz 
between “‘mathematical’’ and “physical”’ infinitesimals is to be kept in 
mind, and in the limiting process contemplated in this definition the 
‘“‘physical”’ infinitesimal quantity of electricity is large enough to include 
many electrons. 

The discussion of this paper will be largely concerned with thermo- 
electric processes, in which heat energy is converted into electrical energy. 
This point of view demands that all the heat processes connected with 
this conversion, except the irreversible Joulean heat, be ascribed to the 
internal part of the system whose E.M.F. is discussed, as opposed to the 
outside agencies which receive the converted energy. In particular, the 
reversible Peltier heat in a thermo-electric circuit is not to be treated as 


‘ 


energy delivered to an ‘‘outside”’ source. 

These views of impressed E.M.F. are not in agréement with those 
commonly held. Consider, for instance, the example of the electric 
double layers which may exist on the surface of separation of metal and 
ether. The existence of such layers demands a jump in the electrostatic 
potential. It is common to say that in this double layer there is an 
equal and opposite impressed E.M.F.!. The argument is that otherwise 
the electricity in the double layers could not be in equilibrium. But 
the argument is not valid if the non-electrical forces are different in 
nature from the electrostatic forces. We have seen in one special case 
that the non-electrostatic forces may be like the stresses of an elastic 
body, instead of like body forces. In the case of double surface layers, 
we have the further possibility that there may be forces of the nature of 
kinetic reactions due to bombardment by flying electrons. Such forces 
are certainly not like body forces in nature. Furthermore, the equili- 
brium argument demands an inexhaustible supply of freely movable 
electricity in the surface layer; we have no assurance that this electricity 
is present. In this paper my position is that it is not justifiable to put 
local impressed E.M.F.’s equal to local potential jumps. I shall use 
separate letters for these quantities and keep them distinct. 

1 See, for example, Heaviside, Electrical Papers, Vol. I, p. 343. 
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THE VoLTA EFFECT. 


The Volta effect next concerns us. There has been continuous dis- 
cussion over this without yet any final agreement. There is, however, 
no question regarding the fundamental experimental facts. If two pieces 
of metal, say Cu and Zn, are brought into metallic contact, it is found 
that points in the surrounding medium, gas or vacuum, immediately 
outside the surfaces of the two metals, are at a difference of potential 
characteristic of the metals and the medium. When the medium is a 
perfect vacuum we define the potential as the true Volta potential dif- 
ference. This difference may be measured in the regular way as the 
limit of the ratio of the work done on an electrostatic charge to the 
charge as the charge is made smaller. 

The existence of a Volta potential difference follows as a matter of 
necessity if we suppose jumps of potential between the interior of Zn 
and ether, interior of Cu and ether, and between interior of Zn and Cu. 
The Volta jump Zn-Cu is the sum of the jumps ether-Zn, Zn-Cu, and Cu- 
ether. These jumps of potential demand the existence of corresponding 
double layers at the corresponding surfaces of separation. The precise 
strength of each double layer must remain conjectural as long as we have 
no method of determining the potential of points inside the metal. On 
the surfaces of Zn and Cu there is, in addition to the double layers, such 
a distribution of true electricity that under its action and that of the 
double layers, as computed by the law of the inverse first power, the 
space immediately outside the surface of each conductor is at constant 
potential, the potentials outside each conductor differing by the char- 
acteristic difference. If the geometrical configuration of Zn and Cu is 
changed, the single charges redistribute themselves on the surface so 
as to continue to satisfy the conditions. In particular, if Zn and Cu 
are made in the shape of plates, we may get the well known condenser 
action as their distance apart is varied. 

The Volta potential difference is maintained automatically by some 
mechanism in the metal. A consequence of this is that if two pieces of 
Zn and Cu are charged out of contact with each other to a potential 
difference V (as measured between points in the surrounding ether 
immediately outside each metal), and are then brought into contact 
with a drop of potential difference to V.. (where V,, is the Volta dif- 
ference), and passage of an amount of electricity EZ, the amount of elec- 
trical energy yielded by the system available to outside agencies is 
E((V — V:.)/2]. 

It may be shown by detailed analysis of any cyclic process involving 
the Volta effect that such a mechanism, automatically maintaining a 
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constant difference between the metals, does not involve a violation of 
the first law of thermodynamics. 

Up to the present no way has been discovered of isolating the jumps of 
potential involved in the Volta effect. There have, however, been two 
principal points of view. One is that between points in different metals 
on opposite sides of a surface of separation there is only a very small 
potential jump, numerically equal to the Peltier heat, and that the 
characteristic jumps are located between the metal and the ether; while 
the other point of view is that there is no jump between metal and 
ether, but that the entire Volta jump takes place between points with- 
in the metals, on opposite sides of their surface of separation. In the 
following I shall assume neither of these extreme positions, but shall 
assume potential jumps and the corresponding double layers both 
between metal and ether and between metal and metal, subject to the 
single restriction that the sum of the jumps gives the observed Volta 
jump. 

As already mentioned I shall not assume that there are impressed 
E.M.F.’s at the surfaces equal and opposite to the potential jumps. 
Neither shall I make the assumption, to me entirely unjustifiable, that 
at the surface of separation of two metals here is an impressed E.M.F. 
equal to the Peltier heat. Electricity must now be recognized as a 
substance capable of possessing kinetic and potential energy. Under 
these conditions there is no necessary connection between merely the 
heat and work absorbed when electricity passes from one locality to 
another. 

THE THERMO-ELECTRIC CIRCUIT. 

We are now in a position to discuss the ordinary thermo-electric 
circuit. In order to have the entire situation immediately before us it 
will pay to reproduce the usual analysis. Consider a circuit of two metals 
A and B with junctions at ¢ and ¢+ At. The thermo-electric action 
shall be in such a direction that current flows from A to B at the hot 
junction. In practise the current usually attains such a value that the 
energy input is all used in overcoming Ohmic resistance, but we might, 
if we pleased, insert an electromagnetic engine in the circuit and obtain 
useful mechanical work. For the present we disregard the irreversible 
aspects of this process, and assume that the circuit may be treated like 
a perfect thermodynamic engine. The first law of thermodynamics 
states that in any closed cycle the energy input equals the energy output. 
We will take the closed cycle to be constituted by the flow around the 
circuit of unit quantity of electricity; this extension of the idea of cycle 
is justified by the fact that after completion of the process every part 
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of the system has returned to its original condition, and so there has 
been no change of internal energy. The energy output of the cycle is 
that which might be obtained from the current by an electro-magnetic 
engine, and for unit quantity of electricity is simply equal the E.M.F. of 
the circuit measured in appropriate units. We denote this E.M.F. by 
AE», where Eo is the E.M.F. of the cycle between the fixed lower tem- 
perature /) and a variable upper temperature. The energy input of the 
cycle is heat input and occurs in four places: at the two junctions and 
in the two metals A and B. At the junction the reversible heat generated 
is called the Peltier heat. We denote by Paz the heat absorbed by unit 
quantity of positive electricity in flowing from A to B. In a steady 
state, heat absorbed by the current is provided by an inflow of heat 
from the surroundings. In virtue of reversibility, Pag = — Pea. In 
the wires themselves there is also the reversible Thomson heat. We 
denote by co, the heat absorbed by unit quantity of positive electricity 
in flowing in the metal A from a lower temperature to a temperature I 
‘specific heat’’ of electricity. 


‘ 


degree higher. o corresponds to the 
Pp, o4, and oz are all functions of the temperature. It is a matter of 
experiment that o does not depend on the temperature gradient. 

There have been in the past numerous attempts to show that o does 
depend on the temperature gradient, but the overwhelming concensus 
of opinion has been that all such supposed effects are to be explained by 
local inhomogeneities in the metal. Recently, however, Benedicks (3) 
has reopened the question, claiming to have established the existence of 
a legitimate effect. As far as his work on solids goes, a paper by Foote 
and Harrison (4) seems to me to fully meet the situation. With regard 
to liquid mercury I had, before knowing of Benedick’s work, found 
negative results (5). I had shown that positive results will be obtained 
unless the apparatus is symmetrically located in the gravitational field. 
Benedicks does not mention any precaution of this nature, and I believe 
that his positive results are to be explained in this way. I shall assume 
in this paper that the effect does not exist. 

The first law applied to the cycle now gives at once 

AEo = Paplt + At) — opAt — Pap + o4At, 


or 


dE dP. 
— = 04 —op+ -— (1) 


In virtue of the experimental fact that the E.M.F. of a circuit from ¢,; to 
te plus that of one from fz to ¢3 is equal that of a single one from /, to és, 
dE,/dt is independent of to, and we write simply dE/dt, where the fo 
from which £ is measured need not be specified, and in particular has 
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no relation to the temperature at which the o4, og, and dP,4,/dt of the 
equation are taken. 
The second law may also be applied, giving 


Panlt + At) opAt Pap o4dt 


t+At  ¢+aAt2, ¢t 't+at2 
This may at once be rewritten in the form 
Pap GA — OB 
a( t )+ eas oe 
and gives in the limit 
d Pap I 
“( ; 7; (o4 — op) = O. (2) 
We may now eliminate 04 — og or Pap between I and 2, obtaining 
dE ap 
Pap = : 
AB=t dt (3) 
@Ear 
Cpa~— 6,4 =} de. (4) 


In order to show that the E.M.F. is in such a direction that the current 
flows from A to B at the hot junction, we write £ with the subscripts 
A and B. 

Two aspects of these equations require discussion; first the irreversible 
aspects of the process, and second the location of the E.M.F. 

There are two irreversible processes always involved in any thermo- 
electric circuit; generation of Joulean heat by the current in overcoming 
the resistance of the wire, and conduction of heat from the hotter to the 
colder end of the wire. In the early days of the subject it did not seem 
very objectionable to entirely disregard these effects, because of the 
probability that they were due to entirely unrelated parts of the mechan- 
ism, so that it would be conceivable that a metal might exist with the 
same thermo-electric properties as any actual metal, but with negligible 
thermal conduction and Joulean heat loss. But with the rise of electron 
theories of metals it became exceedingly probable that all these effects, 
reversible and irreversible, are tied together by the same mechanism, 
so that we cannot, at least without justification, assert that any aspect is 
unimportant. It was this feeling which inspired Lorentz’s article in the 
Wolfskehl conference collection. (6) Thomson also always regarded the 
thermodynamic argument as by itself unsatisfactory, and looked on 
the equations obtained by the method above merely as suggestive rela- 
tions to be tested by experiment. 

It is not unusual in elementary text books to find the statement that 
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by properly choosing the dimensions of the circuit the irreversible aspects 
may be made vanishingly small. An argument by Boltzmann (7) in a 
much neglected paper shows, however, that this is not true, but that the 
ratio of irreversible to reversible heat can be reduced only to a minimum, 
not zero, by a proper choice of the constants of the circuit. Work is 
extracted from the circuit reversibly by an electro-magnetic engine of 
properly chosen back E.M.F. The dimensions of the parts of the circuit 
and the magnitude of the back E.M.F. are the only variables under our 
control. Suppose now that the best construction possible has been given 
to the circuit by a proper choice of all the independent variables. We 
may write down the thermodynamic inequalities that hold for an irre- 
versible process, and obtain a necessary condition between the electrical 
and thermal conductivities and the thermo-electric constants. This 
condition is given by Boltzmann and is 


dE - 
i— —- PS 2A WU, (5) 
dt 
where 
A = R,) °K 4! . + R,'"K p!”? 
and Rx, = specific electrical resistance of A, 


K.4 = specific thermal conductivity of A, 


with corresponding letters with subscripts B for the corresponding 
properties of B. 

The necessary condition written down above on the assumption that 
the reversible and irreversible aspects of the thermo-electric circuit are 
inextricably tied together to form one essentially irreversible process is 
not one which in practice imposes any useful restriction on the constants. 
2A Vt is in nearly every known case greater than ¢t-dE/dt alone, which 
may always be made positive by a proper arrangement of the metals, 
and is thus necessarily greater than ¢-dE dt — P, because in every known 
case P is also positive when ¢-dE dt is made positive. Experimentally, 
t-dE/dt is fairly easy to determine accurately, the difficulty being with 
P. So long, therefore, as t-dE/dt alone is less than 24 vi, no amount of 
experimental inaccuracy would vitiate the inequality, which thereby 
loses all interest. 

Many direct experimental attacks have been made on the question 
of the equality of ¢-dE/dt and P, but the experimental difficulties are 
great, and the experimental verification is still far from complete. Thus 
it was not until 1906 (8) that the reversibility of the Peltjer heat was 
shown with any accuracy, the reversibility usually being assumed in 
experimental work and used as a means of eliminating the Joulean heat. 
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So far as I know, there is no evidence that ¢t-dE/dt and P are not equal, 
and with increasing accuracy of experimentation the verification becomes 
closer. Gottstein (9) has published data on silicon, molybdenite and 
graphite, in which the effects are large, and which other considerations 
suggest as the most likely field for discrepancies, and has obtained 
verification within the limits of accuracy of P, which are about 8 per cent. 
Caswell (10) has also recently published data on several Bi-Sn alloys, 
in which the effects are also large, and obtained verification within 6 
per cent. He states that the accuracy of the Peltier heat measurements 
is 2 per cent., but also explicitly emphasizes that his measurements have 
proved the thermodynamic relation. 
Mention should be made in this connection of a theorem of Baedeker 
(11) to the effect that if the relation 
dE, B 
— 
is true for a single pair of substances it is true for every pair. The proof 
given by Baedeker does not justify so general a statement as this, how- 
ever, and presumably the theorem itself does not hold. Baedeker’s 
proof is as follows. The relation (2) above becomes, if extended to 


include irreversibility, 


d[{P 
(722) +- Wa ~ on Be. 


I 
a= -, 
7448 


di\ t ; 
Combining this with equation I gives 
dE ap I 
— — a am 
a yt 


The equality sign holds for perfect reversibility. Suppose now that the 
equality sign holds for a special pair of metals, so that 


Consider now the couples AC and CB, where C is any third metal. 
Because of the addition theorem we have 


dE ac dEcr I 
dt + >” is 7 (Pac + Pcs). 
Now if 
dEac _ Pac 
a” * 


we must evidently have 
dEcs _ Pcs 
di - 
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which, Baedeker says violates the second law, and hence the theorem. 
Baedeker failed to notice, however, that in the above inequality the 
metals must be arranged in such an order that dE,4,/dt is positive. His 
proof therefore holds only when dE,4¢/dt and dE¢;/dt are both positive. 
The correct theorem is that if the relation of perfect reversibility holds 
for any pair of metals A and B (dE4,/dt being positive), it also holds for 
all pairs of metals between A and B that may be chosen from the series 
of metals arranged in ascending order of dE,,/dt. 

In practise, however, an equation can only be shown to hold within 
limits. So that instead of a perfect equality we should only have 


dE ap 


I 
dt =; Past « 


where ¢€ is some positive quantity. The argument above now shows that 
if C is any third metal intermediate between A and B, dE4c/dt cannot 
exceed Pic/t by more than e. But dE,4c/dt is numerically less than 
dE,,/dt, so that the percentage verification of the formula for the pair 
AC is not so good as for the pair AB. 

If therefore a method is available in which the limits of accuracy are 
percentage limits, this theorem, contrary to what Baedeker supposed, 
does not allow us to dispense with an experimental verification of the 
formula for every pair of metals. 

There is no inequality corresponding to 


dE apr — Pap 
a «CB 


connecting the Thomson heats with the electromotive force of the cir- 
cuit. The analytical reason is that the two sides of an inequality may 
not be differentiated. The experimental verification of the formula for 
the Thomson heats is not yet as complete as that for the Peltier heat. 

I shall assume in the following, as most probable from the present data, 
that the thermodynamic relations obtained by neglecting irreversibility 
are strictly true, but in my opinion the question cannot yet be regarded 
as closed. 

Consider next the location of the E.M.F. A glance at the thermo- 
dynamic arguments shows that we have said nothing about the intensity 
of the forces at any locality; we have merely equated the total work done 
in the circuit by the E.M.F. to the total energy inflow in the form of 
heat, and our justification is the experimental fact that in the complete 
cycle no other forms of energy have any net effect. The thermodynamic 
results are entirely unaffected by adding to any possible physical dis- 
tribution of E.M.F. any other distribution which integrates to zero 
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around the complete circuit. Any argument for a localized E.M.F. 
must use other kinds of experimental fact than those which we have 
up to the present used. There has, nevertheless, been an attempt by 
many physicists to identify the reversible heats with exactly equal 
E.M.F.’s at the same localities, and conversely. Maxwell does this, 
as did also Heaviside (12), who speaks with impassioned irritation of 
those who would ‘“ make a force do work where it is not.’’ All the objec- 
tions of Heaviside as to energy manifestations at the junctions seem to 
me to be fully answered by a careful consideration of the nature of the 
Poynting vector, together with a recognition of the fact that within the 
metal electricity may possess kinetic and potential energies characteristic 
of the metal. Whatever assumption one cares to make about the loca- 
tion of the E.M.F. will be found to involve such a distribution of the 
Poynting vector as to automatically take care of any unusual energy 
transformations introduced by the assumptions. However, in accordance 
with the mode of thought of Maxwell and Heaviside it is usual to speak 
of a Peltier E.M.F. and a Thomson E.M.F. (e.g., Caswell (10), 1916) 
which are precisely equal to the corresponding reversible heats, and to 
assume that these are the total E.M.F.’s at the junction or in the un- 
equally heated metal. This, it seems to me, is entirely unjustified, and 
my position in this paper is that we know nothing about these localized 
E.M.F.’s from experiments such as these on closéd circuits. When in the 
following I speak of a Peltier E.M.F., I mean whatever E.M.F., if any, 
there may be at the junction, but shall assume no relation with the heat 
at the junction. Similarly by the Thomson E.M.F. I mean the E.M.F. 
distributed throughout the metal in virtue of the temperature gradient, 
but again shall assume no relation with the Thomson heat. 

A second point of view, that other specifiable E.M.F.’s than those 
corresponding to the local heats are involved has been maintained by 
many. Among the prominent early holders of this view was Lord 
Kelvin, who believed that at the junction of two metals there is an E.M.F. 
equal to the ordinary Volta contact potential difference. Adopting this 
point of view, Kelvin in one of his later papers (13) deduced a relation 
between Volta potential difference and a quantity analogous to the 
Peltier heat by a purely isothermal process, thus avoiding the difficulties 
of irreversibility. The same relation had also been given nine years 
previously by Lorentz (14) in a paper corrected by him to meet the 
criticisms of Budde (15). Both the papers of Kelvin and Lorentz seem 
to have been entirely overlooked by subsequent writers. It is now 
becoming evident, however, from such work as that of Richardson (16) 
on thermionic emission, that Kelvin’s view is probably no more correct 








Not’) VOLTA, THERMO-ELECTRIC AND THERMIONIC EFFECTS. 319 


than the other, and that there may be a potential jump between the 
surface of the metal and the surrounding ether. I shall show from an 
examination of the phenomena of thermionic emission that there are 
certain relations between the E.M.F. of a circuit, Peltier heat, Volta 
potential difference, etc., irrespective of what hypothesis one adopts 
about the location of the potential jumps. Richardson himself makes 
the assumption that the local E.M.F. is equal the local heat, and with 
this assumption obtains a relation similar to Kelvin’s. 


TEMPERATURE COEFFICIENT OF VOLTA EFFECT. 

The following deduction of a relation involving Peltier heat and Volta 
difference is considerably simpler than that of either Lorentz or Kelvin, 
and furthermore makes no assumptions as to the location and magnitude 
of the surface potential jumps accompanying the Volta potential differ- 
ence. The method also permits somewhat more general conclusions. 

Imagine an infinite plate condenser composed of two different metals 
A and B, all parts of which are maintained at the same temperature, 
and the distance apart of which is variable. The two plates may be 
connected by a wire. We imagine this wire to be half of A and half of B, 
so that when charge is transferred from one plate to the other through 
the wire the ordinary Peltier heat is developed at the junction. 

As the independent variables fixing the state of the system we choose: 


t = absolute temperature, 

p = positive charge per unit area on A (there is of course an equal 
negative charge on B), 

c¢ = capacity per unit area (this depends only on the distance apart 
of the plates). 


The following dependent variables are to be considered: 


Vea = Volta contact difference of potential, 

“u = internal energy per unit area, 
dW = work done by the system in any infinitesimal change, 
dQ = heat absorbed in any infinitesimal change. 


Now the second law states that (du+dJWV)/t is an exact differential 
for any reversible change. We accordingly have to find dW and du. 
For dW we have the equation 


(aw aw aw 
-” & ) a ° ( dp ) ae T ( ac ), de 


The partial derivatives may be evaluated as follows. Obviously no 
work is done if the temperature of the system is changed, keeping the 
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distance of separation of the plates constant, if at the same time no 
charge is transferred from plate to plate. The analytic statement of 


this is 
(F ) a 
Se 


Again, if work is obtained by letting current flow from plate to plate the 
effective driving force is the difference of potential minus the Volta 
difference. The work done during this passage of current may be 
extracted by a reversible electro-magnetic engine in the wire between 
the plates. This gives 


ow p ‘ 
(>). _ (2- Ves ) do. 


This is independent of assumption as to the location of the Volta jump, 
whether it is a surface affair between the metal and the surrounding 
electron gas, or between the two metals, or both. The conclusions are 
therefore independent of special hypothesis. Finally, if the distance 
apart of the plates is changed, thus changing the capacity, but keeping 
temperature and charge constant, we have the mechanical work 


ow 2 
(=*) dc asd. 
Oc Tp ac 


This is an immediate consequence of the familiar expression for the 
work of collecting an electrical distribution from infinite subdivision, 
3p X pot. diff. (= 4(»?/c) in this case). 

We may also treat du as we have dW, writing 


Ou Ou Ou 
du = (St) a os (= ) dp + (St), ae 


Substituting now above, we have 


I Ou p , Ou 47 = 
: 1(#) a + |-2+ Vea + (S) Jar + [35+ (i), Jee 


is a perfect differential. This statement will give us three equations, 
because of the three independent variables, instead of only one equation, 
as in the examples of elementary thermodynamics, where we are con- 
cerned with only two independent variables. 

In the first place, from the coefficients of dt and dc, we obtain 


af(1fdu\ ) défifie Ou 
— i-{ — deat i Fs Pe be 6 , 
dc | t ot pc) tp Ot Lt 2¢€ Oc tp cp 


II +(#) +7($ _1f ®u 
2fPc \dc)},, t \dacat}, t \acat/, 


whence 
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* ) —— 
Oc tp 2 


But we have already seen that 


am) _1e 
Oc t 2e’ 


(se). = 0. (6) 


Therefore no heat is absorbed when the plates are moved with respect 

to each other at constant temperature and charge. This states a funda- 

* mental assumption of electrostatics to the effect that charged bodies 

may be moved relatively to each other with no thermal effects. 
Secondly, from the coefficients of dp and dc we get 


ff ten) B= Zigs(S) th 


which expands to 


p OV ea Oru me p ( Oru ) 
at ( dc ). si (=). =at dpac } ,’ 
OV pa 
( Oc ). al O, (7) 


which states that merely changing the distance between the plates does 
not change the Volta difference. We have not thereby proved that the 
Volta difference cannot depend on the distance apart of the plates; we 
have merely proved that such independence is a logical consequence of 
the statements that we made about the nature of the Volta effect. 
Formulas 6 and 7 are not given by Kelvin or Lorentz. 
Finally, we obtain from the coefficients of di and dp, 


2 fm) | 212( 24 v4 (2) JI 
Op lt \ at Jolt O8ltL ¢ 5 ** " \ap Jed J pe’ 


Expanding, 


(2) --a[-tere (2) JHC), (2) 
dpat FL et eat wh 8 at a atap). | 


(d°/pdt). cancels. (0Vg4/dt),- we may take as the ordinary tempera- 
ture derivative of the Volta contact difference of potential. Experi- 
mentally there is yet no evidence for a variation of V with p, and we have 
shown that it does not depend on c, so that we might write simply 


giving 
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dVz4/dt, but the thermodynamic distinction between the derivatives 
should not be forgotten. It might be proved experimentally at some 
later time that Vg4 does depend on p, and in fact there are some plausible 
reasons for expecting an effect of this nature. I am not aware that any 
very careful search has been made for a variation of V with p. 

The only unknown now remaining in the above equation is (01/0p) tc. 
Under all conditions we have du = dQ — dW. Now if the temperature 
is constant, and the distance apart of the plates is constant (c = con- 
stant), the only mechanical work is that which might be got out of the 
electrical current when p changes, and the heat absorbed is the heat 
involved in the transfer of electricity from one plate to the other. Write 
this for the moment as Pz,4’, this being the heat absorbed when unit 
quantity of electricity passes from B to A. Then 


Ou 
(3*) dp bas Ppa'dp + (: — Vs) de 
P/ te c 


Substitute this above and we get 


Pra’ , dVpa 


or 


dV ap Pap’ 

ia a 

This is the equation deduced by Lorentz (14) and Kelvin (13). It is to 
be noticed that all parts of the system have been at the same tempera- 
ture, so that during the cycle there have been no irreversible heat trans- 
fers, and therefore there is no question of the validity of the conclusions, 
as there was in the case of the ordinary thermoelectric circuit. Kelvin 
hoped that an experimental confirmation of this formula would make more 
probable the correctness of the ordinary formulas for the thermo-electric 
circuit. In attempting the confirmation he at first identified, as one 
naturally would, the heat Pg,’ with the ordinary Peltier heat Papa. 
This amounts to assuming that all the thermal effects involved in the 
transfer of charge from B to A are to be found at the surface of separation 
of A and B. Making this identification of P’ with P, the experimental 
verification failed by a thousand fold. Now the ordinary thermo- 
dynamic formulas hold within much narrower limits. So that not only 
did this attempt of Kelvin’s to place the ordinary thermodynamic 
reasoning on a firmer basis fail, but in order to explain the discrepancies 
between the new formula and experiment, he was driven to postulate the 
existence of another surface thermal effect, in much the same way that 
he had previously postulated the existence of the Thomson heat. The 


(8) 
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possibility of such a surface heat was also explicitly recognized by 
Lorentz (14), after it was suggested to him by Budde (15). 

The new surface heat that Kelvin had to postulate was a reversible 
generation or absorption of heat at the surface of a conductor when the 
surface charge changes. So far as I am aware the existence of the effect 
has never been demonstrated; in fact the papers of Lorentz and Kelvin 
seem not to be generally known, and apparently no serious attempt has 
been made to discover the effect. I shall return to this matter later in 
connection with a deduction of the same formula by a method similar to 
that of Richardson. 

THERMIONIC EFFECTS. 

This is probably as far as we can get by an application of the two 
laws of thermodynamics to these two phenomena. Further progress 
demands different types of experiments from those contemplated in the 
applications above. Now this new order of experimental fact has been 
supplied in the last few years, in principal part by the work of Richard- 
son (16) on thermionic emission. In this work the energy relations and 
transformations are discussed when electricity is taken directly through 
the surface of the metal from metal to ether. In the previous work of 
this paper we have been restricted in transferring electricity from con- 
ductor to conductor to the staid and classical methods of motion over the 
metallic surfaces or through the body of the metal. We may now extend 
our thermodynamic processes to cycles in which electricity is transferred 
from one conductor to another through the surface and the surrounding 
ether. 

Richardson has developed by thermodynamic arguments many of 
the formulas connecting thermionic effects with those already discussed, 
but he has frequently made specific assumptions as to localized E.M.F.’s, 
and has further, it seems to me, confused or used interchangeably the 
thermodynamic quantities, quantity of energy, quantity of heat, and 
work, and has not sharply specified the conditions to which some of his 
quantities, notably the heat of vaporization of an electron, apply. A 
critical examination of his methods will suggest changes in his formulas. 

The starting point is the observation that at high temperatures all 
metals emit electrons, and therefore, when in a state of equilibrium, are 
surrounded by an electron atmosphere. The density of this atmosphere 
becomes rapidly lower at lower temperatures, but we assume that it 
essentially exists at all temperatures, and obtain what information we 
can from the fact of its existence. The density of this gas is so small 
under ordinary conditions that the charge it carries does not affect its 
behavior, and it accordingly obeys the perfect gas laws. Richardson has 











. SECOND 
324 P. W. BRIDGMAN. SERIES. 


given a qualitative argument for this, or it may be easily proved by 
writing down the equations of equilibrium of a gas in which there is a 
distributed volume charge proportional to the density, and finding the 
explicit solution for small densities. 

The process of a metal surrounding itself with an electron atmosphere 
is analogous to the process of evaporation of a solid, and the same thermo- 
dynamic arguments apply to it. Any purely electrostatic action due to 
the isolation of the negative charge in the gas and a positive charge on 
the metal can be eliminated by evaporating only a small quantity of 
electrons, the electrostatic energy being proportional to the square of the 
charge. Assuming now the perfect gas law, we first find the relation 
between electron gas density and temperature. 

Clapeyron’s equation applies to this and gives 


dt _ tay 
dp H’ 





where Av is the change of volume when I gm. of electrons evaporates 
reversibly, and H is the latent heat of evaporation. Professor Hall has 
objected to the use of this equation, or the equivalent one by Richardson 
(Eq. 1, p. 28 of Richardson’s book), and has published a statement to 
that effect in a recent number of the Proceedings of the National Academy 
of Sciences (17). He has later recognized, however, that the objection 
to Richardson’s argument is not to be found at this stage, and is stating 
his revised position in a forthcoming note to the National Academy. 

Returning now to Clapeyron’s equation, since the perfect gas law 
holds, p = nkt, where n is the number of electrons per c.c., and k is the 
gas constant. The gas law now gives 


dp = ktdn + nkdt. 


Av is obviously approximately equal to v, the volume of 1 gm. of electron 
gas. Making these two substitutions in Clapeyron’s equation, we get 


tv 
dj = 7 (ktdn + nkdt), 
which may be rewritten 


a H(t 42 
ies _ 3 ; 


nv 
Now nv is the total number of electrons per gm. of gas, and hence H/nv is 


the latent heat per electron. Denote this by 7, and the equation becomes 


ndt dn. dt 
+? (9) 
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An integration of this equation gives 
nit 


n= Ate ™, (10) 
in which A is not a function of ¢. This is the same as Richardson’s 
equation 7, p. 29, noting that his ¢ is the energy change in the evapora- 
tion of one electron, so that 7 = ¢ + &t. 

It is necessary to scrutinize pretty closely the conditions under which 
the 7 of this formula is to be determined. Clapeyron’s equation, as 
used above, applies to an isolated system of metal with its electron vapor. 
We may imagine this system enclosed in a box provided with a piston 
working on the electron vapor, and so able to interchange work with the 
surroundings. The 7 in the formula above is the heat per electron which 
must be communicated to the box from outside during the evaporation 
of electrons and accompanying motion of the piston at constant pressure. 
Now during this process in which an electron is evaporated, a positive 
charge is left behind on the surface of the metal, so that during this 
process the surface charge is changing. We may split 7 into two parts. 
The first, ,, is the latent heat which would be absorbed if the evapora- 
tion took place at constant surface charge. The second part of the heat 
is a heating effect due to the appearance of a positive charge on the 
surface; this is merely Lorentz and Kelvin’s surface heat. If we put 
P, for the heat absorbed by the system when unit positive charge is 
imparted to the surface, we have 


n=n, — €Ps, (11) 


where « is the electronic charge, taken as a negative number. 

These results may now be applied to contact difference of potential. 
Imagine two metals A and B together in a region at temperature f¢, in 
metallic contact. Each metal will sourround itself with an atmosphere 
of electrons by spontaneous emission, and these two atmospheres will in 
general be of different densities and pressures. The gas equilibrium is 
maintained by an electrostatic potential gradient accompanying the 
pressure gradient. Notice that this equilibrating electrostatic field, 
for gases of small densities, is due to charges outside the gas itself. The 
ordinary gas equations show that equilibrium demands the equation 

na —< BA 


kt 
=e 12) 
ie , ( 


where «V4 is the work done against electrostatic forces in taking an 
electron from a point immediately outside B to a point immediately 
outside A, m4 and mz are the number of electrons per c.c. immediately 
outside A and B respectively. 
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Under ordinary conditions it is doubtful whether two pieces of metal 
ever reach equilibrium in this way, because the emission of electrons at 
ordinary temperatures is so excessively slow. From data on page 69 of 
Richardson it may be computed that a sphere of tungsten I cm. in radius 
requires something of the order of 10° years to charge itself to a potential 
of 1 volt by spontaneous emission of electrons at 0° C. It is to be con- 
sidered, therefore, whether the Volta potential difference as measured 
under ordinary conditions is the same as it would be if measured after 
a time long enough for the attainment of equilibrium conditions. Now 
it is reasonable to suppose that the potential jumps at the surface of 
metal and ether or metal and metal are determined solely by forces 
operative at the surfaces, little if any affected by the presence of an 
electron gas outside. In a system of two metals in contact there may 
be jumps of potential at four places; at the three surfaces of separation 
of metal-ether or metal-metal, and through the ether between points 
outside the two metals. The sum of the four drops is zero, because the 
electrostatic field is conservative. Three of the drops are the same, 
probably, whether equilibrium is reached or not. The fourth drop, 
which is the Volta drop, is therefore also probably the same whether 
equilibrium is reached or not. We may therefore apply our thermo- 
dynamic reasoning to systems in which equilibrium has been attained 
with high probability that the Volta drop appearing in the formulas is 
the same as that measured under ordinary conditions. 

We are now in a position to obtain V. Taking logarithms of the 
equation (12) above, 


Substituting values of x 


, Ap pe = FF 
A 
Now Ax and A, are independent of ¢. Hence, differentiating the above 
equation, 





™ dV pa 
na — np = €Vga — et di’ (13) 


It is to be noticed that during this differentiation all the other variables 
on which the quantities might conceivably depend are to be kept con- 
stant. In particular, if Vga is possibly a function of the total charge on 
the surface, we should have to keep the surface density constant during 
the differentiation, and dVg,4/dt would become (dV g,4/0t)p, as in the 
previous deduction by the condenser method. 
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We may obtain another relation by taking a gram of electrons around 
a closed cycle between A and B. This cycle may be performed in the 
following way. Imagine separate enclosures about A and B, containing 
the electron gas, and connected by a pipe in which there is a piston 
(see Fig. 2). The piston is to be pushed toward the enclosure about B 
and withdrawn by the corresponding amount from that about A. This 
transfers electrons from the gas about B to the gas about A. During the 
process of transfer of electrons from the atmosphere about B, through 
the metal, to the atmosphere about A, there has obviously been no change 
in the surface charges on A or B. The latent heats of vaporization 





















































ws 
\e/ 


involved in this process will therefore be the heats at constant charge. 
Now the process outlined above is isothermal and reversible, and there- 
fore the total heat absorbed is zero. This gives 


NoA — %pB + «Pp, + Q = 0. 


Px, is the ordinary Peltier heat at the junction. (Q is the heat absorbed 
by the gas per electron in passing under equilibrium conditions from the 
gas about 4 to that about B. In this transfer the gas remains isother- 
mal, and pressure and potential change simultaneously as equilibrium 
demands. 

Now the analysis of the introduction shows that when a gas is dis- 
placed in this way in a potential field the mechanical work done by the 
pressures acting across the boundaries is zero. The first law of thermo- 
dynamics demands, therefore, that the heat inflow shall equal the change 
of energy. This change is composed of two parts, energy of position in 
the field, and intrinsic energy. But now the intrinsic energy of a gas 
does not change at constant temperature. Hence 


Q = eV ap. 
We may apply our definition of E.M.F. given in the introduction and 
find the E.M.F. between two points in the electron gas outside A and B 


to be Vaz. In this particular case, therefore, electrostatic potential 
difference, local E.M.F., and heat locally absorbed are numerically equal 
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The reason is that in this particular case (electron gas) the intrinsic 
energy of the electrons is a function of temperature only. We shall 
prove later that this equality cannot hold in general. 

The Q found as above is the same as that which would be found from 
the ordinary formulas for a substance not in a field of force. This 
calculation gives 


£(9)0-- £8) 
o- f i - b, Nad  . 


For a perfect gas this becomes 


PB 
dp Pa Na 
= — ht — = ktlog— = ktlog—. 
e pa P SPs or 
But we have seen that the condition of equilibrium in a potential field is 
lo 74 = — oe 
°8 np kt 
Substituting, 
Q _ eV as, 
as before. 


We would not be justified, however, in assuming that the other 
formulas of thermodynamics are not affected by the presence of the 
potential field. In particular, the work done by a gas in expanding 
isothermally against the pressures exerted across its boundaries is Q 
when there is no potential field. We have just seen that this work is 
zero in a potential field. Work in a potential field is therefore not equal 
to [pdv. 

Instead of saying as above that the heat absorbed goes directly toward 
increasing the energy of position, we may, if we prefer, describe the 
phenomena by saying that the heat absorbed goes to the work which 
would normally be done by the gas in expanding out of a potential field, 
and that besides this work, additional work is received across the boun- 
daries when expanding in a potential field, which goes to increase the 
energy of position. 

Now substituting the value found for Q gives 


NpA = NpB _ (Vea _ Ppa). (14) 

An equation similar in appearance was given by Richardson, in which 
NA — Nop is replaced by ¢a — ¢s. He obtained the equation by 
identifying ga, gs and P,, with the local E.M.F.’s, and by disregarding 
the difference between the heats of vaporization at constant surface 


density and with variable density. 
In a recent paper, Langmuir (18), essentially following Richardson’s 
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point of view, has also failed to recognize the difference between the 
heat of vaporization at variable surface density, which appears in the 
thermodynamic analysis, and the heat under constant surface density, 
which may be measured experimentally. Langmuir’s calculation of the 
magnitude of the heat of vaporization from the work done by an electron 
in escaping from the attraction of its image in the surface applies to 
vaporization with variable surface density, and not to the experimental 
conditions of vaporization at constant density. His argument for the 
probable non-existence of the double layer on the surface metal-ether 
would therefore seem to me to lose much of its force. This failure to 
distinguish between the two heats of vaporization would also seem to be 
involved in Langmuir’s formulation (on page 172 of his paper) of the 
distinction between a potential difference and an E.M.F. 

Combining the two equations (13), and (14), for 7,4 — np,z, with (11) 
gives, 


dt = Pra + Pas — Pps. (15) 


Now if positive charge is passed from the surface of B to A through the 
metal, as in the condenser analysis previously given, negative charge 
appears on B and positive on A, and there may be accompanying heating 
effects in three places, at the two surfaces of separation of metal from 
ether, and at the surface metal-metal. The sum of these three heats is 
what was previously called Pg4’.. Obviously 


Ppa’ = Ppa + Pas — Pes, (16) 
and we have 
dVz. : 
- y = Pp’, (17) 


which is the equation (8) of Lorentz and Kelvin previously given. As 
already stated, it would be more correct, until more definite experimental 
evidence is at hand to write 0Vg4/dt instead of dV p,4/dt. 

The deduction of this same equation by methods so different is pretty 
good presumptive evidence of its correctness. 

The equation corresponding to the above given by Richardson is 


dV pa 
dt 





= Ppa, 


where Px, is the ordinary Peltier heat. The surface heats do not appear 
in his equation, because, as already explained, he has neglected to dis- 
tinguish latent at heats at constant from those at variable surface charge. 

Assuming Richardson’s formula to be correct, we may combine with 
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the formulas for a thermo-electric circuit, obtaining the relation 
dVsn _ dEsp 


dt dt 


This consequence of Richardson’s relation is frequently supposed to be 
correct,! but obviously is not correct if there is a surface heat. 

The formula above as given by Richardson has never been verified 
experimentally. The failure of experimental verification may very well 
be due in large part to experimental difficulties. Recent work of Lang- 
muir (19) has shown the enormous effect on a metal surface of a layer of 
adsorbed gas only one molecule deep. No experiments on this subject 
have ever been made in which this layer has been removed. Perhaps 
the most recent work is that of Compton (20), in which there is a large 
possible effect from residual gas, as he himself explicitly states. The 
experimental discrepancy has been reduced by this latest work of Comp- 
ton from the thousand fold of Kelvin to fifty fold. There is still, however, 
as far as the best experimental evidence goes, ample room for the existence 
of the surface heat. 

In view of the important réle which the equation of Richardson plays 
in the subject of thermionic emission, the question of the existence of the 
surface heat assumes considerable interest. A direct experimental attack 
on the problem does not appear promising. Assuming in the most 
favorable case that the entire outstanding discrepancy in the formula 

dVpa 

-- 

is due to the hypothetical surface heats, the rise of temperature of a 
conductor on imparting to it a surface charge may be computed approxi- 
mately. The greatest rise of temperature will be produced on thin 
conductors, such as wires or foil. But under these conditions the greatest 
effect to be expected is entirely overwhelmed by the heating effect due to 
the mechanical stress produced in the conductor by the mutual repul- 
sion of the charges on the surface. (It is to be remarked that the 7 
above does not. include this electrostriction effect, which may be made 
vanishingly small by working with large enough conductors.) The best 
chance of detecting the existence of the surface heat is by an experi- 
mental determination of dVg.4/dt, improving the vacuum conditions as 
much as possible, or by a method to be suggested later. 

Professor Hall in a recent paper (17) has stated his belief in the existence 
of the surface heats. He argues for their existence by giving such a 
picture of the mechanism involved in a redistribution of surface charges 





= Ppa 


1See, for example, Langmuir, loc. cit., page 182. 
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as to make a heating effect seem probable. His conception is that at 
every point within and on the surface of a metal there is a dissociation of 
atoms into positive and negative ions, whose relative number is deter- 
mined by the mass law. A disturbance of equilibrium by the removal of 
electrons from the surface layer is followed by such a change in the 
surface dissociation as to again satisfy the mass law. This new dissocia- 
tion, it is most natural to suppose, is accompanied by heating effects. 

The introduction of the idea of a dissociation determined by the mass 
law is, I believe, a valuable addition to our stock of concepts of what 
may be taking place within a metal, and its application to the surface 
effects is one way of avoiding one very real difficulty. This difficulty 
is encountered in trying to picture the processes involved in giving a 
metal surface a positive charge. Let us suppose the surface initially 
uncharged, without surface layers. Then the surface may be given a 
negative charge by the mere addition of electrons, but to produce a 
positive charge, electrons must be removed from the interior of the atoms. 
These two processes are essentially different in character, and the last 
must almost of necessity involve a heating effect, which the first need not. 
There is thus a dissymmetry in the action of a positive and a negative 
charge which we are not willing to admit. The assumption of a con- 
tinual supply of positive and negative ions in the surface, as Professor 
Hall suggests, avoids this dissymmetry, and to that extent has intrinsic 
probability. Nevertheless the extension of the concept of mass action 
to a surface layer seems questionable, and I believe the difficulty can be 
met in another way. If we suppose the surface is covered with a double 
layer, the electrons being on the side away from the metal, then a negative 
charge is added by adding electrons to the outer layer, and a positive 
charge is added by removing electrons from the outer layer. There is 
thus no difficulty from dissymmetry. I prefer, therefore, to regard the 
question of the existence of this surface heat as still open, to be settled 
by new experimental evidence, but incline to the opinion that it does exist. 

We may now combine these thermionic formulas with those of the 
thermo-electric circuit. We introduce the following new quantities in 
addition to those already considered. 


S4e = potential jump at surface of separation of A and ether, 
Sze = potential jump at surface of separation of B and ether, 
Sag = potential jump at surface of separation of A and B, 
Yur = E.M.F. at surface of separation of A and ether, 

Lex = E.M.F. at surface of separation of B and ether, 

Yaz = E.M.F. at surface of separation of A and B, 

o4’ = Thomson E.M.F. in A, 
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op’ = Thomson E.M.F. in B, 
oa’. = Thomson potential gradient in A, 
co,’ = Thomson potential gradient in B. 


It may of course be questionable whether there is any E.M.F. at the 
surface of separation of A and ether, and it is any event exceedingly 
improbable that the surface action can be completely represented by an 
E.M.F. It may be, however, that part of the action is properly so 
representable. We denote this part of the action by the letters above, 
and find what conditions it has to satisfy. 

With regard to the Thomson potential gradient it is to be emphasized 
that this is entirely different in character from the surface jumps Sy¢ 
or Sas. A jump of the potential at the surface necessarily involves a 
double layer at the surface; the jump is entirely determined by the 
double layer, and is unaffected by charges elsewhere. The surface jump 
is therefore probably determined by forces at the surface, which are 
probably characteristic of the surface and independent of the state of 
other parts of the system. The Thomson potential gradient (1.e., the 
potential gradient in an unequally heated metal) is, however, affected 
by the distribution of charge throughout the system, and can therefore 
be characteristic of the system only under specified conditions. We shall 
in the following understand by o” the potential gradient in open circuit. 
The Thomson E.M.F. and Thomson heat are, on the other hand, prob- 
ably determined merely by the local forces, independently of other parts 
of the system. We shall assume then to be of this character in the 
following. 

We now have the following equations; 


: . 
Vea = ¢ Met bi NB) +> Pea, (18) 
Vea = Sav — Spr + Spa, (19) 
Vea = Lar — Uprt Vea. (20) 


These three depend on the fact, already proved, that in the electron gas 
potential difference, E.M.F., and heat are locally equal. These three 
equations are obtained from the isothermal system by describing a 
closed path out of the ether into B, across the surface of separation 
of B and A, out into the starting point in the ether. By describing a 
closed path entirely within the metal, maintaining now the junctions of 
A and B at different temperatures, we may obtain the following three 
additional equations 








No XIV] VOLTA, THERMO-ELECTRIC AND THERMIONIC EFFECTS. 333 


dE pa d>pa 





dt ~ dt + op — a4’, (21) 
dEpa dP. 

a a +n — Om (22) 
dE pa dSpa ” ” 

dt = dt ot Op ~@Ga4a. (23) 


The last of these is the expression for the difference of potential between 
the ends of A and B on open circuit, assuming that the E.M.F. of a 
thermo-electric circuit is the same on open and closed circuit. This is 
matter for experimental examination; I do not know how carefully this 
examination has been made. Certainly the equality of E.M.F. on open 
and closed circuit is usually assumed without question, and in the absence 
of experimental evidence to the contrary, we shall make the same assump- 
tion here. 
We also have the additional equations 


Ppa dE pa dV pa I 
ae ae Pas — Pal. (24) 


Now differentiating (18) and combining with (22) and (24) gives 


dnp € _ anor € 
dt + _ i pes = dt + €oB — pp as: (25) 
Similarly (20), (21), and (24) give 
dL 4% , Pas _ a2 pe , Pes 
hi eel tl eas e (26) 
and (19), (23), and (24) give 
dir, oo Pia Cue, 5 Pee 
ews ae S (27) 
Hence we have proved that 
dn, ePs d=z ey dS, ~~ ie 
ate: et"? 6 ;7* 


are all independent of the metal. 

We may now obtain the universal value of dn,/dt + e¢ — «Pst by 
an argument similar to that of Richardson. In this deduction we shall 
assume that the irreversible processes going on at the same time that 
we describe the various cycles are without effect. 

Surround the two ends of the bar at difference of temperature by two 
chambers to contain the electron atmosphere (see Fig. 3), with pistons 
asshown. Electrons are first to be conveyed from one chamber to the 
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other by operating the pistons asshown. The cycle then is to be com- 
pleted in two steps. First, operate on the transferred gas under potential 
V + AV, allowing it to expand to temperature ¢ and to that pressure, 
pb + Ap’, which is in equilibrium at ¢ with gas at pressure p ata potential 
V. The second step consists in the transfer of gas at ¢t from V + AV 
and p + Ap’ to Vand p. During this second step V and p shall change 
together in such a way that they always have the simultaneous values 
to be found in an isothermal gas in equilib- rium extendingfrom p, V to 
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Fig. 3. 


p+ Ap’, V+ AV. To the first of these two steps all the ordinary fo 
rmulas of thermodynamics apply, because the process is described at 
constant potential. During the second process, however, the potential 
is changing, and all of the ordinary formulas do not apply. In par- 
ticular, we have shown that the work cannot be computed in the regular 
way, but is zero. We have, however, shown that the heat absorbed, and 
therefore the change of entropy, is not affected by the fact that the 
process is described in a varying potential field. The change of entropy 
may therefore be computed for these two steps together in the regular 
way, and therefore is independent of the precise way of passing from 
the initial to the final state. 
Applying the second law to the cycle now gives 
dn, 
I 1, oAt ;™ as dt I 
et ee the“ 
i oes 
2 
where /dy is the change of entropy of the gas per electron on being 
carried from (¢ + At, p + Ap) to (t, p), and may be computed by the 
ordinary thermodynamic formulas. Now 


a ay* Cc. a 
és « (*) dt + (3) ap = dt - (=) dp. 
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For a perfect gas, satisfying the equation pu = kt, 
(5i),-3 
dt}, p’ 
‘> 


and 





Cy 


where 7 is the ratio of C, to C,. Hence 


_ ky {¢- dp 
ja-=, t lk 


Substituting in the equation above and taking the limit, 


td/(m, o I ky 1,1 k dp 
71Ge eee tea ei 


But we have already found that 


Hence the desired relation 


dn, cP, ky 


“ween ; mr (28) 


Instead of this equation Richardson gives 


dg k 

7 eo = oe’ 
It differs from that deduced above in the absence of the surface heat. 
Richardson uses the value of ¢ as given by this equation to get the 
thermionic current. His formula checks with experiment, but is of such 
a form that only very wide changes in the form of ¢ could be detected. 
Thus, using the value he gives for ¢g, there is a factor # in the value of 
current (formula 17, page 33), but he states later that equally good 
agreement is obtained if a factor replaces f. Richardson’s data do 
not, therefore, afford a check on his value for v. The neglect of the 
surface heat in Richardson’s equation would therefore seem to be inde- 
fensible, and until the order of the effect is known, we cannot tell whether 
Richardson's equation is even approximately correct. It is to be noticed 
that Richardson’s formula would become the same as that developed 
above in case P, should be proportional to ¢. The ¢ of his formula 
must then be understood to be the change of energy on evaporation at 
constant surface charge. 

We may now obtain further information by applying the first law to 
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the cycle, writing total work done in the complete cycle equal heat 
absorbed. Work is done in the cycle when the piston is pushed into the 
right hand chamber, when it is pulled out from the left hand chamber, 
and when the gas expands in the first of the two processes mentioned 
above, but no work is done in the second of the two steps. Heat is 
absorbed in all of the operations. The first law gives 


ptar’ (aw 
gmat J (= ) dt + (“ ) ap 
Pp pt+Ap pb t 
p+ Ap’ F) 
wa dates) (¥ C) a+ f (30) do — aay, 
e/ p+ Ap op 
f ow ) r(Z) 
dt = dt = — kAt, 
{G J. Ap ot 
ie or), ‘i (= ), Ap — Ap’ 
dp = d , 
J. ( P e/p+aAp P Op as nN 
t rn ky 
{ (% 2) dt = { tt = ——— Ji, 
[; t , fea 
f (2) “— (de). ap = 20 ~ 20 
p+Ap Op e/p+Ap ot nN ° 


Substituting these values, the left-hand side cancels out, leaving, 


where 


+At 





dn, ky dV 
te me 
But we found that 
dn, _ ky _ €Ps 
dt ” y-1I ft 
Substituting, 
dV P 
_ as (29) 


This equation was also obtained by Lorentz (14) by an entirely 
different method. 

Now dV/dt is the Volta ~~ per degree between different parts 
of the same unequally heated metal, provided that free circulation of the 
electrons from hot to cold through the electron gas is prevented. This is 
the Volta difference which would be observed at temperatures so low 
that the emission of electrons is negligible. We have here, therefore, a 
possible experimental method of detecting the existence of the surface 
heat P. 

At temperatures so high that electron emission is not negligible there 
is no reason to expect that the free electron vapor is in equilibrium with 
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an unequally heated metal, but there is a possibility that electricity may 
flow in closed circuits, as shown in Fig. 4, through the electron gas and 
the metal. I am not aware that the existence 

of such currents has been detected or sug- | eae. 
gested. If it should happen that such cur- 
rents do not exist, we may obtain an addi- 
tional relation. The electrons spontaneously ee 
emitted by different parts of the surface must 

in this case be of such densities as to be in sai 
equilibrium under the potential gradient given by dV/dt = P,/t. This 
gives, together with (9), 





t+At t 
et eee 











n e dV 
k@  ~—kt dt’ 
or 
no — «Ps = — €Ps, 
or 
Np = 0. 


Now this condition is almost certainly not satisfied, so that it is exceed- 
ingly probable that closed circuits like those indicated do exist in an 
unequally heated metal. 

Having found the value of dV/dt, we may now find the universal value 
of d=,/dt + o’ — P,/t and dS,/di + 0” — P,;'t. We may obtain the 
latter immediately by noting that the total change of potential in a 
closed circuit is zero. This gives 


dS, , av 
“dt ~ dt ” 
Substituting for dV/d2, 
dS, ¥e 
aut? so (30) 


the desired relation. 

Next to obtain the value of d=,/di + o’ — P,/t, we may write down 
the expression for the total E.M.F. encountered in going from the electron 
gas surrounding the metal at ¢, through the metal, to the electron gas at 
t+ At. Our definition of E.M.F. is total change of energy plus work 
delivered to outside agencies. The change of energy of the electron 
gas is an intrinsic change (= kAf) plus the change of electrostatic 
energy (= eAV). The work delivered is d/dt-(pv)At. Hence 





d=, ‘ . d 
| a ar + o'at | = «Al + RAt + F (po) At. 


Now 


d 
a (be) At = Rat. 











‘ 
d 
9 
if 
t 
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Hence 

d=, _ ,_4V , 2k 

dt dt ' ¢«’ 
or 

dZ. , Ps 2k 

= it teat (31) 


the desired relation. 
It is to be especially emphasized that the form of the formulas just 


obtained essentially modifies the point of view hitherto maintained. Our 
position up to this point in this paper has been one of agnosticism; we 
have been obliged to retain separate expressions for local E.M.F., heat, 
and potential difference because there seemed no necessity that these 
should be equal, although such equality is usually assumed. But now 
the fact that the formulas obtained for 


+ a ett. and a 
dt t 
are of different form constitutes positive proof that local E.M.F., heat, 
and potential difference cannot be mutually equal, and that the assump- 
tion of such equality is in general positively incorrect. The assumption 
can be valid only in certain special cases, as in an electron gas. 
Richardson has frequently set local E.M.F. and local heat equal to 
each other. This is in general incorrect, but will not necessarily lead 
to error in those processes in which a complete cycle is described. 
Accepting now as proved that in general local heat, potential differ- 
ence, and E.M.F. cannot be mutually equal, we will, in the next section, 
deduce additional relations between them. 


THE GENERALIZED VOLTA LAW OF TENSIONS. 


In a complete circuit composed of three metals in equilibrium at 
uniform temperature we have the following four relations: 


Vas + Vac + Vea = 0 (32) 
Sas + Spe + Sca = 0 (33) 
Zap + Zee + Zeca = O (34) 
Pas t+ Pac + Pea = 0. (35) 


The first of these is a statement that the total change in electrostatic 
potential in a closed path outside the metals is zero; the second is the 
same statement for a closed path within the metals; the third states 
that the total E.M.F. in a circuit in the metal is zero; and the fourth 
that the total heat absorbed in a cycle by electricity is zero. The first 
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two are a mathematical consequence of the properties of an electrostatic 
distribution, and the last two are a consequence of the law of the con- 
servation of energy, because in a system of solids all at one temperature 
there is no permanent source of energy. It is not possible that these 
relations should not be satisfied; the system must of necessity so adjust 
itself that they are. 

Of the four relations above, the first is the ordinary Volta law of 
tensions. The point of the Volta law is not that the laws of electrostatics 
or of the conservation of energy are satisfied, but that each of the quanti- 
ties in the above equations, Vgc for example, depends only on the two 
metals B and C, and is unaffected by the presence in the circuit of the 
third metal A. The proof of this fact is given by experiment. 

Of the four equations, the quantities in only two of them, the first and 
the last, are susceptible of direct observation. It is proved experi- 
mentally that Pzc, for example, as well as Vgc, is independent of the 
presence in the circuit of the third metal. Therefore the Peltier heats 
satisfy the same conditions as the Volta difference of potential. 

By the ‘‘generalized’’ Volta law of tensions we shall understand 
the correctness of the four equations above, and in addition a statement 
that any of the four types of action at the surface of two meals is inde- 
pendent of the presence of a third. 

The quantities entering the second and third equations above are not 
directly measurable, and it is therefore pertinent to inquire whether 
the generalized Volta law holds; that is, whether Sgc, for example, is 
independent of the presence of A. The answer to this question is yes. 
Although a direct experimental proof is at present impossible, a theoretical 
proof may be given, because of certain relations holding between S and 
>and V. 

It may be proved mathematically that the ordinary Volta law as 
partly expressed in the first of the above equations demands that each 
of the quantities may be split up into two quantities, each dependirig 
on only one of the metals at the junction. That is, it is possible to 
write Vgc = Ve — Vg, where Veg depends only on the properties of 
B and Ve only on those of C. This analysis is physically significant 
because it represents the action at the surface of B and C as the joint 
result of independent actions by B and C, each unaffected by the presence 
of the other. The proof of the generalized Volta law will be given by 
similarly splitting each of the quantities above into the difference of two 
quantities, each depending only on the properties of one of the metals 
at the junction. 

This analysis is immediately effected from the expression for Vz. 
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SERIES. 
We have 
tw e—(eVpa)/kt, 
NB 
Whence 
kt nA 
i» a —tee 
Vas . og ne’ 
and we write at once 
Vas = Va — Va, 
where 
kt 
V4 =- ¥ log m4. (36) 


It is to be noticed that this analysis is not unique. We might equally 


write, for example, 
kt 


Va = ea 
€ 


log pa, 
which differs from the above by a quantity independent of A, but 
depending on the temperature. 


We may now split up the other quantities with the help of equations 
(18), (19) and (20). 


I 
Pea = Vea + > (PB - npa) = P, — Pz, 


and 
kt I 
Ps aS log ns  S NpA 
€ € 
: (37) 
Spa = V 7? Sar + Spr = Sa = Spr, 
and 
kt 
Sa=- 2 log m1 — Sug 
(38) 
SBA = Vea = LAE + Ler= LA pa Lez; 
and 
kt 
2a=- = log m4 — Lar. (39) 


With regard to the last two it is to be said that it is mathematically 
conceivable that S4z and 24, should depend on the presence of the other 
metal, but physically it appears excessively improbable. Granting this 
assumption, this analysis shows that the generalized Volta law of tensions 
applies to the unmeasurable quantities S and = as well as to V and P. 

Instead of the quantity 2, we may, if we prefer, introduce the intrinsic 
energy of electricity, u, in the conductor. ‘Taking the energy of a perfect 
gas to be zero at absolute zero of temperature, we obtain, on applying 
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our definition of impressed E.M.F. between two points 


eLar = 3kt — cua + €Sax t+ Ft, 
whence 
Lar = Skt — us + Sar. (40) 
No simplification of the formulas is obtained on replacing = in terms 
of u. For theoretical discussions of the electron mechanism, however, it 
may be preferable to make this substitution. 


THE EFFECT OF HYDROSTATIC PRESSURE ON THE VOLTA EFFECT. 


The condenser analysis by which the effect of temperature on the Volta 
effect was determined may be modified to include the effects of hydro- 
static pressure. The system of two metals A and B shall be characterized 
by the following variables. 

t = absolute temperature, 


p = positive charge per unit area on A (as before there is an equal 
opposite charge on B), 
c¢ = capacity per unit area, 


x = hydrostatic pressure per unit area on the plate A (the symbol 
7 is used for pressure to avoid confusion with ~, the vapor 
pressure of the electron atmosphere). 

There is no essential restriction in discussing the effect of a pressure 
applied to the plate A alone. After the formulas for this case have been 
developed, the effect of pressure on B alone may be found simply by 
interchanging the letters in the analysis, and then the effect of inde- 
pendently variable pressure on both A and B by adding the two effects. 

The following dependent variables are to be discussed: 

Vea = Volta rise of potential on passing from B to A (see previous 
discussion for more detailed specification), 
internal energy of system per unit area, 


u 
dW 
dQ 


9) 


¢ 


work done by the system in any infinitesimal change, 
heat absorbed by the system in any infinitesimal change, 
volume of A per unit area. 


Now, as before, we must have (du + dlW)/t an exact differential for 
reversible changes. We have 


ow ow ow ow 





dW = ry, dt + Op # + ac dc + a dr 
and 
Ou Ou Ou Ou 
du = ap Ht +35 % + 57 de + a, ot 


We are able to completely calculate dW from our knowledge of the 
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mechanics of the system. We have 





aw av 
at at’ 

ow p - ov 
aW ip, a 

@éc 202" ae’ 
nl 

rel 


Substituting above, 
I ov. On Ov Ou 
| eset tart | eS 2+ Vea +5" “ ip 


t ot 
+| 18+ oe 4 | ac +[ 4% Jar} 


must be an exact differential. This will give us six relations between 
the coefficients of the six possible pairs of differentials. 

The work for finding these derivatives is entirely straightforward; 
only the results need be given here. 
From the coefficients of dt and dp, 


OVpa I dQ I P 
a “its "i"™: (41) 
From the coefficients of dt and dc 
dQ 
= (42) 
From the coefficients of dt and dz, 
dQ dv 
= ee. (43) 
From the coefficients of dp and dc, 
I OVpa 
i ie (44) 
From the coefficients of dp and dz, 
OVpa Ov 
From the coefficients of dc and dz, 
I dv 
= 0. (46) 


t ac 
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Of these six relations the three which do not involve dz, (41, 42 and 
44) are the same as those obtained by the previous analysis, except that 
the partial derivatives now involve the condition of constancy of 7z, 
a variable which did not enter in the previous work. Of the three 
remaining relations, 46 states that there is no change of volume on merely 
changing the distance between the plates, and 43 gives the ordinary 
thermodynamic relation for the heat absorbed during a change of pres- 
sure, it now being necessary to add the conditions of constant p and c 
to the ordinary condition of constant ¢ during change of pressure. The 
remaining relation, 45, is the only one of the six which gives any essen- 
tially new information. This equation expresses the change in Volta 
difference between two metals, when one is subjected to pressure, in 
terms of the change of volume of that metal when unit positive charge 
is imparted to it. This change of volume is not an electrostriction effect, 
which varies as p* and depends on the shape of the metals, but is to be 
thought of as the effective volume of the electrons added or subtracted. 
There seems to be no experimental evidence for even the order of magni- 
tude of dv dp. 

Within the range in which 0v/dp may be regarded as constant, this 
formula gives the Volta contact difference of potential between com- 
pressed and uncompressed metal. 





m Ov 
Vor = — 73° (47) 
The formula 
OVra« - ov 
or Op 


may also be obtained by considering the effect of hydrostatic pressure 
in A on the pressure of the electron vapor in equilibrium with it through 
a stress resisting membrane. The formulas to be applied are well 
known; they may, for example, be obtained as special cases of formulas 
which I have given in a previous paper (21). The applicability of such 
formulas to such conditions as these becomes at least questionable, 
however, when one calculates that the density of the electron vapor in 
equilibrium with tungsten at o° C., for example, is such that there is 
one electron in a sphere of radius 350 light years. The method of analysis 
used above makes no reference to the electron gas, and leads to the same 
results for those quantities not directly concerned with the vapor. 


EFFECT OF PRESSURE ON THERMO-ELECTRIC PROPERTIES. 


A certain amount of information may now be obtained regarding the 
effect of pressure on thermo-electric properties other than the Volta 





ee 





: 
in 
j 
a? 
i 
4 
ry 
4 


ee ak ee 





344 P. W. BRIDGMAN. SECOND 


effect. This may be obtained from the formulas previously given, 
taking as the metals A and B the same metal in two states, one without 
pressure and the other with it. The same double subscript notation as 
before may be used. Thus S, denotes the potential jump in passing 
within the metal through the surface separating uncompressed metal 
from metal compressed to the pressure 7. 

For the Peltier heat in passing from uncompressed to compressed 
metal in terms of the E.M.F. of a couple composed of uncompressed 
and compressed metal, formula 3 gives 

dEon 


Pos -” t dt e (48) 


For the difference between the Thomson heats in the compressed and 
uncompressed metal, formula 4 gives, 
@E oe 
dt? 
For the effect of pressure on the density of an electron gas in equilib- 
rium with a compressed metal formula 12, combined with formula 47 
for the Volta difference of potential between compressed and uncom- 
pressed metal, gives 


(49) 


Or —~ TO =1t 


Ion _ € Ov (en) 

nor  ktdp- 7 
For the effect of pressure on the latent heat of vaporization of elec- 

trons under variable surface charge (total charge on metal and in the 

gas remaining constant) formula 13 gives 

dV on 
dt ~ 
For the effect of pressure on the latent heat of vaporization at constant 

surface charge formula 14 gives 


Now ciate po - e( Vow ~ Por): (52) 


For the effect of pressure on the surface heat, we get from 11 and 
51 and 52 


(51) 


Nx — no = €Vo, — et 


Pg(x) — Ps(0) = 00 — Pop, (53) 

Of the six quantities treated in the last six equations, the first two, 
namely the effect of pressure on Peltier and Thomson heats, have been 
determined experimentally (1) from measurements on a “ pressure ”’ 
thermo-couple. The last four, namely the effect of pressure on electron 
gas density, the two latent heats, and the surface heat, cannot at present 
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be determined numerically, because they involve the ‘pressure ’’ Volta 
effect (Vo,) in addition to the “‘ pressure ’’ Peltier heat (Po,). A deter- 
mination of the pressure Volta effect, in addition to present knowledge, 
would give immediately all four of these quantities. Of course there are 
relations between the effects of pressure on these four quantities which 
may be obtained by eliminating Vy, and P), between the several 
equations. 

In addition to the pressure effects 48-53, we may also obtain expres- 
sions for the effect of pressure on the various potential jumps and surface 
E.M.F.’s, but these can no longer be determined in terms only of E), 
and V,,, but involve an actual determination of some potential jump or 
surface E.M.F., which we are not yet in a position to make. 

For the potential jumps, formula 19, gives ) 


(Sez — Soz) + Sow = Vow: (54) 
For the surface E.M.F.’s, formula 20 gives 
Zar — Lor) + Loe = Vor- (55) 
For the Thomson potential gradient, formula 23 gives 
” Wo don dEo. 
on — do — di _ dt ° (56) 


For the Thomson E.M.F., formula 21 gives 


> dE 
i ‘as 
= dt dt ° (57) 





Formulas 28, 30 and 31 give nothing new when applied to pressure 
effects. 

With regard to the quantity Vo, (= — 2-dv/dp), we can possibly 
obtain an idea of the order of magnitude within 100 or 1,000 fold by 
assuming that all the change of volume on imparting a charge to a metal 
is the volume of the electrons added. Assuming that the radius of an 
electron is 1.8 X 107", this gives for a lower limit 


per coulomb. This is so excessively minute that the actual dv/dp is 
probably forever beyond the reach of direct observation. 

In view of the extreme smallness of the probable effect of pressure on 
the Volta potential difference it is natural to inquire whether we may not 
neglect this effect in comparison with the directly measurable P,,, 
and so obtain an approximate idea of the order of the effect of pressure 
on the quantities given in equations 50-53. It turns out that this is 
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probably not allowable. The experimental data give for molybdenum, 
for example, the value 1.5 X 1078 for the effect of 1 dyne pressure on the 
Peltier heat. For most metals, the effect is of the order of 10 times 
greater, or 100 times the volume effect as calculated above from the 
volume of one coulomb of electrons. In view, however, of the extreme 
uncertainty in this latter value, I do not believe that a margin of 100 
fold is sufficient, and that we would be justified in neglecting the effect 
of pressure on Volta effect in comparison with that on Peltier heat. 


EFFECT OF MELTING OR CHANGE OF STATE ON THE VOLTA POTENTIAL 
DIFFERENCE AND THERMO-ELECTRIC PHENOMENA. 


The Volta difference of potential between a metal in two states of 
aggregation, as for example solid and liquid, may be found by a slight 
modification of the preceding condenser analysis. This may be done 
by choosing for the independent variables ¢t, p, c and volume, instead of 
t, p, c and pressure. The details of the work are the same as before. 
Six differential relations are obtained as before. The only essentially 


new one of these is 
re) Vea ) ( Or ) 
—— ={— . 8 
( Ov t,p,¢ Op $.¢,9 (5 ) 


If this equation is applied to melting or other change of state, we have 
the statement that the change in Volta contact difference of potential 
between B and A when A melts is equal to the change of volume on 
melting multiplied by the change in the melting pressure of A when 
unit quantity of electricity is added to the exterior surface of A at 
constant temperature, volume, and capacity. In virtue of the Volta 
law of tensions, this becomes, if we denote the two phases by subscripts 
I and 2, 

Or 
Vor = (v1 — 22) (=) . (59) 
P/r 

The effect of a surface charge on melting point is one on which there 
seems to be no experimental evidence. It is not probable that a charge 
on the surface could change the equilibrium conditions between liquid 
and solid at points within the metallic mass, for there is no electric field 
at such points, and there is no real charge on a surface of separation of 
solid and liquid metal. It is possible, however, that a surface charge 
should have a surface effect on melting. For instance, the charged 
surface of a solid metal might possibly melt at a lower temperature 
than the interior, or conversely, the charged surface of a liquid might 
solidify at a higher temperature than the interior. 
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We may obtain partial information as to the effect of a change of 
state on the other thermo-electric and thermionic quantities by using the 
subscripts A and B of the first sections of this paper for the same metal 
in two different states of aggregation. The work is exactly similar to 
that of the section on pressure effects, and a series of formulas would 
be obtained parallel to 48-57. 

Very little experimental work has been done in this field. So far as I 
know there are no measurements of the Volta potential difference be- 
tween solid and liquid metal, so that there is no way at present of telling 
the order of magnitude of certain of the quantities in the above equations. 
Experiments have been made, however, on the thermal E.M.F. of closed 
circuits in which one of the metals passes through the melting point. 
There has been considerable disagreement about the facts, but the latest 
work (22) seems definitely to establish that there is a discontinuous change 
in the direction of the E.M.F. curve on melting. Attempts have been 
made to deduce from these data information as to the behavior of the 
Volta effect, etc., but all such attempts have involved some of the 
special assumptions about equality of local E.M.F.’s, heats, and potential 
differences which we are unwilling to admit. 

Hitherto the electron theory has been unsuccessful in explaining the 
effects on melting, in most every case giving the wrong sign to the effect. 


THE JEFFERSON PHYSICAL LABORATORY, 
HARVARD UNIVERSITY, CAMBRIDGE, MAss. 
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THE MAGNETIC PROPERTIES OF SOME RARE EARTH 
OXIDES AT LOW TEMPERATURES. 


By E. H. WILLIAMs. 


SYNOPSIS. 


The magnetic properties of several rare earth oxides have been studied at tem- 
peratures varying from room temperature to — 150° C. and the results compared 
with values previously obtained at higher temperatures. 

It is found that, while good agreement is obtained at room temperature where 
the two measurements overlap, the value of @ in the expression X(T + @) = const., 
is smaller for low temperatures than for high temperatures, thus indicating that 
Curie’s law is followed more closely at low temperature than at high temperature 
for the oxides investigated. This is opposite to what H. K. Onnes and A. Pirrier 
found for oxygen. 


i a previous article! the author gave the results obtained in the 
study of the magnetic properties of some rare earth oxides at tem- 
peratures above that of ordinary room temperature. Since making the 
above investigation the apparatus has been reconstructed to adapt it 
to low temperature measurements and the magnetic properties of the 
same oxides have been studied down to temperatures of about — 150° C. 
The two investigations overlap each other at room temperature meas- 
urements so that it is possible to check one against the other. This is 
important inasmuch as the previous values found by the author for the 
magnetic susceptibility of the various rare earth oxides were lower than 
those found by other experimenters, among whom was O. A. Randolph, 
of this department, who measured the magnetic susceptibility of several 
of the above oxides at temperatures ranging from room temperature 
to — 140° C. 

The method used was the same as that employed for high tempera- 
tures. Low temperatures were obtained by the method described by 
C. T. Knipp.2. It was possible to make determinations of the suscepti- 
bility at temperatures as low as — 150° C. Determinations of the 
magnetic susceptibility were made at three or four temperatures between 
that and room temperature. 

The temperatures were measured by means of a copper-advance 
thermo-couple of No. 40 wire which was calibrated both before and 


1 Puys. REv., N.S., Vol. 12, 158, 1918. 
2? Puys. REv., Vol. 15, 125, 1902. 
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after making the magnetic measurements and was found to have re- 
mained practically constant. One junction of the thermo-couple was 
kept in melting ice and the other was imbedded in the oxide whose 
temperature was to be determined. It was necessary to correct for 
conduction of heat along the wires leading to the junction in the oxide 
since the temperature gradient near this junction was quite large. At 
— 150° C. the correction was 5.7° + 0.3°. This was the largest source 
of error in the temperature determinations. 

After reconstructing the apparatus to adapt it to low temperature 
measurements it was necessary to redetermine all constants so that, 
experimentally, the values obtained at low temperatures were entirely 
independent of those obtained at high temperatures. 

Measurements were made of the magnetic susceptibility of the oxides 
of seven of the rare earths, namely, dysprosium, erbium, gadolinium, 
samarium, neodymium, lanthanum and yttrium. The results for the 
three oxides having the highest magnetic susceptibility are shown in 
Tables I., II. and III. The values given in these tables were taken from 
curves obtained by plotting the observed results. A comparison of the 
values of the magnetic susceptibility at 20° C. given in these tables 
with the values found at the same temperature in the previous work 
shows that, in all cases, the agreement is within experimental error. 


TABLE I. 
Dysprosium Oxide. 909.5 + Per Cent. Pure. 
: t. re X X 108. V7 X 103. x 7 +15) xX a 
20 293 233.3 68.4 71.9 
0 273 250.0 68.2 72.0 
— 40 233 291.3 67.9 72.2 
— 80 193 347.4 67.0 72.3 
—100 173 384.2 66.5 72.2 
—120 153 430.2 65.8 12.8 
_ — 140 133 490.0 65.2 72.5 
TABLE II. 
Erbium Oxide. 90.6 + Per Cent. Pure. 
_ é. ie AX X 108, V7 X 103. V(7 + 13.5) X 10°. 
20 293 188.6 3a.3 57.8 
0 273 201.7 55.1 57.8 
— 40 233 234.8 54.7 57.9 
— 80 193 282.3 54.5 58.3 
—100 173 314.8 54.5 58.7 
—120 153 355.0 54.3 59.1 
—140 133 | 402.8 53.6 59.0 
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TABLE III. 
Gadolinium Oxide. 09 + Per Cent. Pure. 

Fa ae A A X 108, atx -_ —_ | x T +12) nary 
20 293 | 129.7 38.0 | 39.6 
0 273 138.2 37.7 | 39.4 
— 40 233 160.7 37.4 39.4 
— 80 193 194.2 37.5 39.8 
—100 173 217.0 37.5 | 40.1 
—120 153 244.6 37.4 40.4 
37.1 40.5 


—140 | 133 279.0 

According to Curie’s law the susceptibility of paramagnetic bodies 
times the absolute temperature is equal to a constant. Few substances, 
however, follow this law exactly but follow a modification of the law, 
namely, the susceptibility times the absolute temperature plus a constant 
is equal to a constant, that is, ¥(7 + 6) = constant, in which each 
substance has its own value of 6. 

The value of 6 for dysprosium oxide found by the author in the work 
referred to above was 15. This gave for an average value of the constant 
X(T + 6) X 10’, for a temperature range from 300° C. to 20° C., 72.1. 
In the present work with dysprosium oxide, Table I., the same value of 
6 has been used with the result that the constant increases with decrease 
of temperature. The same is true in the cases of erbium oxide and 
gadolinium oxide, Tables II. and III., where the value of @ previously 
found for these oxides is again used. Neodymium oxide showed the 
same result. Taking the value of 6 equal to 44, as previously found,the 
value of X(T + 6) increases by about four per cent. in the temperature 
range from 20° C. to — 140° C. 

In Table IV. is given a comparison of the values of the magnetic 
susceptibility at 20° C. reported on page 161 of the article referred to 
above with those corresponding to the same temperature in the present 
work. 


TABLE IV. 
Temperature, 20° C. 
X X 108. A( 7+ 6) xX 10%. 
oe eee 233.3 71.9 
sin Yo WR pra cae oe ome Nee naa 234.1 72.1 
a ree 188.6 57.8 
7 MAES arsine nenmakianmedien 189.1 58.0 
Gd203 Table III., new................... 129.7 39.6 


Ee ser hundehedxndce 130.1 39.7 
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In the earlier article the conclusion was drawn that the magnetic 
susceptibility of samarium oxide does not vary with the temperature. 
In the present investigation the results show clearly a slight increase in 
the magnetic susceptibility with decrease in temperature, the value of X 
being about ten per cent. greater at — 140° C. than at room temperature. 
However, this is a relatively small increase as the susceptibility of the 
oxides shown in Tables I., II. and III. more than doubles in value in the 
same temperature range. 

Lanthanum oxide again gave negative values for the magnetic sus- 
ceptibility. However, the values were so small that it was impossible 
to determine whether there was a variation or not. Any slight variation 
which may exist would be masked by the errors due to experiment. In 
the case of yttrium oxide the magnetic susceptibility was found to increase 
slightly with decrease of temperature but since the magnitude of the sus- 
ceptibility is less than 1X 10~, the experimental error is relatively large. 

The results shown above lead to the conclusion that @ is not a constant 
but is some function of the temperature,—a function such that the value 
of @ decreases with decrease of temperature. If this is true Curie’s law 
is followed more closely, in the case of rare earth oxides, at low tempera- 
tures than at high temperatures. It is interesting to note that H. K. 
Onnes and A. Perrier! found that, in the case of oxygen, the deviation 
from Curie’s law becomes greater with decrease of temperature. 


LABORATORY OF PHYSICS, 
UNIVERSITY OF ILLINOIS, 
URBANA, ILLINOIS. 
May, I919. 


1 Konink, Akad. Wetensch. Amsterdam Proc., 16, p. 894, March 26, 1914. 
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DISPLACEMENT FROM THE APPARENT VERTICAL IN 
FREE FALL. 


By WILL C. BAKER. 


SYNOPSIS. 


A simple method is given of obtaining the displacement by operating in fixed 
space. It is simple and permits one to visualize the southward component. An 
appreciable difference in the result is obtained according as the trajectory is treated 
as a parabola or an ellipse, the expression found in the latter case being only two 
thirds that found for the former. 


N looking over the various treatments of the equatorward deflection 
of a freely falling body, the method herein described has not been 
found. It brings into prominence certain features that are perhaps 
worthy of record. The case dealt with is that of a body falling towards 
a homogeneous spherical earth that revolves uniformly about a fixed 
axis. These assumptions are common to most of the methods found, 
very few taking account of the earth’s equatorial protuberance. 

Let the figure represent a sphere of radius R, fixed in space; and let 
the earth be represented by a second sphere, coincident with the fixed 
sphere at time ¢ = 0, but rotating about the axis OC, with the small 
uniform angular velocity w. AF represents a material rod of height h, 
fixed in the rotating sphere at latitude A, and normal to the surface at 
the point A. FD is a plumb-line that takes the position shown due to 
the fact that it is in uniform circular motion about OC. Its direction 
gives the apparent vertical at the point A, as it is at rest with regard to 
the rotating sphere. The bob D is supposed to hang just above the 
spherical surface, and in its rotation to trace out the small circle DBK. 
Consider now a mass m released from the point F at time ¢ = 0, and being 
at the moment of release at rest with regard to F. In space this body 
has at time ¢ = 0 an initial velocity 


(R + h) w cosr 


along FH, which is normal to the plane of the circle DAC, and it will 
experience in space an acceleration g directly towards O. Thus its 
trajectory will lie in the plane OFHM which ts fixed in space and which 
cuts the fixed sphere in the great circle ABL. It will appear later, how- 
ever, that the body under these conditions always falls on the portion BL. 
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As the plumb-bob is in uniform circular motion in the small circle 
DBK, it has the normal accelerating force mrw*, along the radius r of 
that circle. This force is due to the resultant of the two forces acting 
on the bob, viz., (1) the tension of the cord mg, along DF, where g is the 
apparent value.of the acceleration due to gravity at the point D; and 





Fig. 1. 


(2) its true weight mg along DO where mg measures the force with which 
the bob is attracted towards the centre O. The relation of these vectors 
is shown in the upper part of the diagram. From this 
mg sin 6 = mrw* sin X 
or 
rw” sin d 
g 
R cos \ w’* sin » 


sin 9 = 


Oo 
hRo* sin d cos d 


And, since @ is small, the arc z (7.e., AD) = h sin @ = - 


The angle z, subtended by the arc z at O, is given by 
hw sin d cos d 
g 


and this has a maximum value for \ = 45 
In the spherical triangle ABC cosa = 
the angle at A = 2/2, 


° 


cos (6 + 2) = cosc cos B since 
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cos (b + 2) 
con¢ ss 
cos 


cos z — sinz cot X, for cotA = tand 


9 9 


2 
I “a -(: +5 --) cota 
Now even if we take / as 40,000 cm., which is the greatest value for 
which I can find! any experiments, and if we consider these to have been 
made in the latitude of greatest southerly deviation (45°), z is found to 
be 1.07 X 10~’ radians, and the terms in 2? would appear only in the 
fourteenth place of decimals. Thus to this degree of approximation 


cos¢c = I —zcosaA 


which on substituting the value of z gives 


I — hw? cos? X 
cos ¢ = 
: 4 


but from the cosine series 


9 


cosc = I1 2 


to terms in c*, therefore on comparison 


c= “~~, 


2h 
and the arc ¢ (1.e., AB) = Rw Ne cos A, showing that B is the point 


occupied by the plumb-bob at the instant that the falling body strikes 
the spherical surface (the angle ABD being small, as it always is) for 
this is the angle that D moves through in the time of fall ( V2h/g when we 
neglect terms in w’). 

Consider next the trajectory in the fixed plane OFHM. It would 
appear at first sight that on account of the very small rotation of the 
earth during the fall no appreciable difference would result from treating 
this as a parabola or as an ellipse. If we denote the point of impact 
on the line BL from a parabolic path as N, and that from an elliptical 
path as N’ the two distances AN and AN’ will differ only by a very 
small part of either line, but when we realise that it is the difference BN 
or BN’ that we seek, and that AB is nearly as long as AN or as AN’ it 
becomes evident that our result depends on the differences between 
quantities of the same order of magnitude, and that quantities otherwise 
insignificant become of importance.’ 


1 Rundell, quoted by E. H. Hall, Puys. REv., Vol. XVII., p. 186, 1903. 

2 Even in the case of the extreme height quoted the distances are as follows: AB = 295955 
cm., AN = 295973cm., AN’ = 295967 cm., differences of the order of 5/1000 of a per cent. 
but AN — AB = 18 cm., AN’ — AB = 12 cm., and these differ by 66 per cent. 
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Taking the line of action of the acceleration as constant, we have a 
constant horizontal velocity of (R + h)wcos during the fall (#) and 
the resulting value of AB will be (R + h)wicos and subtracting the 
value of AB = wi cos \ we have 


BN = (R+ h)wt cos \ — Rot cos » 


= hwt cos X 


= 4wei? cos \ since h = 3gf. 


This is of course along the great circle, and we get the easterly and the 
southerly displacements by multiplying this by the cosine and the sine 
of the angle ABD. 


= in - 
ABD = sin AB 


, Re? sin d 
g(R + h)wt 
.  hwsindr 

— 

gt 
Turning now to the elliptical path, take axes of X and Y respectively 
as OF and OM. We have for the component acceleration parallel to X 
d*x gR°x 
da (x2 + y?)3/2 ’ 
also the initial velocity along FH 


z 


= sin- or very nearly, 


($), = (R+h)wcosx 


— +($) t (=) e+(F) B 
T= 80F\ at)! tae Jo dé Jy" 


gut? cos d 
6 


Writing 





we get 





x = (R+ h)wt cosdr — 


where x and ¢ indicate the values of these two quantities at the instant 
of impact. Now treating this value (BN’ = x) as in the case of the 
parabolic path we find for BN’ 


3 wel cos d 


which is the Gaussian expression usually obtained by a transformation 
to rotating axes. It differs from the value obtained on the parabolic 
path simply by the factor two thirds as explained above. 


PHYSICAL LABORATORY, 
QUEEN’S UNIVERSITY, 
KINGSTON, ONT., 
May 22, I9I19. 
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A NOTE ON THE COMPARISON OF INDUCTANCES, OR OF 
AN INDUCTANCE AND A CAPACITY BY AN 
ELECTROMETER METHOD. 


By ALva W. SMITH. 


SYNOPSIS. 


A method of comparing inductances is described. This method makes use of an 
electrometer whose quadrants are connected across a condenser in series with the in- 
ductance and whose needle is connected to the middle of a high resistance shunting 
the condenser and inductance. An equation connecting the deflection of the 
electrometer with the inductance, capacity and current in the circuit is developed. 
This equation states that the deflection of the electrometer is proportional to the 
inductance, to the square of the current and inversely proportional to the capacity. 
This equation is checked experimentally. By this method several inductances 
are measured and the results found to be in agreement with those obtained with 
an A. C. bridge. 


N Fig. 1, LR represents a coil of resistance R and inductance L to be 
measured, C is a variable condenser, E a quadrant electrometer with 
its pairs of quadrants connected across the condenser and its needle 
connected to the middle of the high resistance HR (100,000 ohms), the 
latter being non-inductive. A isashunted Duddell thermo-galvanometer 
used as an ammeter and G, an A.C. generator. 
Let v1, v2, v3, Ys represent the instantaneous values of the potentials 
at the points indicated on the diagram. The deflection of the elec- 


K J v1 + v9 
a-F/ (v1) — v) («- . *) at, (1) 


where K is the electrometer constant and T the period of the alternating 
current. Since the needle is connected to the middle of HR, 


trometer! 





aa nte «) 
K - 

d= =f (v1 _ V2) (V4 as V2)dl. (3) 
2f Jo 


Assume that a harmonic current 
1 = I, sin wt 


1F. M. Laws, Electrical Measurement, p. 250. 
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is following in the circuit. Then 





I : Im 
Vv) — 2 = 2 fi dt = — Cw ©8 wt, (4) 
di ; , 
%—% =Lat+ Ri = L Imw cos wt + R Im sin wt. (5) 
K f*/Li.2 RIn? K LI,,? 
= — — 2 i =— —— 
d aT J, ( ccs wt + Ca sin wt Cos wt) at “tag she (6) 


since average value of cos? wt = 1/2 and average value of sin wt cos wt = 0. 
Expressing the maximum value of the current in terms of the effective 
value, we have 


weit ter ie (7) 


This equation will hold only for an electrometer obeying the general 
law of equation (1). It is only the wattless components of the voltage 
across the condenser and coil that are operative. If, however, the con- 
denser has either leakage or absorption, the deflection will be in part 
determined by the power components and no longer be expressed by the 


(a 
See G 
. Hio= (UR) 
E 
R uy || las 
I. 
Cc 


Fig. 1. 











simple equation (7). The validity of this equation does not depend 
upon the assumption of a simple sine wave form. For with a more 
complex wave form the deflection is 


KL 


d wm ae + ES + if + Ef" + soe) 


where Im, Im’, are the amplitudes of the sine and of the cosine terms 
respectively of the mth-harmonic. The parenthesis is the square of the 
effective current and is equal to J* in equation (7). 

To test this equation experimentally, L, C and the frequency were 
first kept constant and the electrometer deflections read for a series of 
values of currents. The values of d are plotted against J? in graph (1), 
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Fig. 2, and some of the observed values recorded in Table I., (A). The 
graph shows that the deflections are proportional to the square of the 
current, if the inductance, capacity and frequency are kept constant. 


TABLE I. 


Testson d= 


r 
= 


(C) Z Variable. 


(A) J Variable. (B) C Variable. 

















/ amps. @ cm. C mf. | da cm. Z mh. d@ cm. 
.052 1.58 1 9.80 7.0 2.00 
.075 3.30 133 7.35 15.0 4.22 
.095 5.14 .143 6.83 20.0 5.70 
115 ita .167 5.90 30.0 8.37 
.143 | 11.50 wk 4.95 | 40.0 11.19 
1720 16.35 .25 3.90 50.0 13.97 
.197 21.5 3 3.25 60.0 16.77 
.218 26.35 I 1.39 70.0 19.47 
.223 27.6 9 1.10 75.0 20.97 
L = 50 mh. L = 75 mh I = .125 amps. 

C = 1 mf. I = .150 amps. C =1 nf. 
f = 590 cycles/sec. f =6 








20 cycles/sec. f = 650 cycles/sec. 


|| 





Graph (2), Fig. 2, is one obtained by keeping L, J and C constant 
and varying the frequency. Deflections of the electrometer are plotted 
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against frequency. It shows that the deflections are independent of the 
frequency over the range of frequencies used. 

A further test was made by keeping L, J and the frequency constant 
and varying C. In graph (3) of Fig. 3 are shown the results obtained. 
Deflections are plotted against the reciprocals of the capacity. Pro- 
portionality between these two variables is shown here. 

Tests were then made with J, C and the frequency constant and L 
variable. Graphs (4), (5), (6) were obtained, different values of current 
being used. The foregoing graphs confirm equation (7). 

In measuring an inductance of unknown value, the deflection of the 
electrometer is observed with this inductance in circuit and J and C 
adjusted to give suitable electrometer deflections. An inductance stand- 
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ard is substituted for the unknown, and the deflection read for the same 
value of current and capacity. The inductances then are proportional 
to their respective deflections. An alternative solution is to determine 
the electrometer constant K and apply equation (7) for any convenient 
values of current and capacity. 

Measurements by this method have been compared with those given 
by the Maxwell bridge method. From such a comparison Table II. is 
compiled. In this table Z is the value of inductance measured by the 
bridge method and L’ is its value measured by the electrometer method. 
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The average deviation between the values given by the two methods is 
about .5 per cent. 








TABLE II. 
er en 2 es oe) 
1 19.97 | 20.00 | 2 
2 | 94.4 | 94.6 2 
3 110.4 110.0 4 
4 128.0 | 127.0 8 
5 154.8 154.5 2 
6 214.0 | 216.0 9 
7 9 


| 318.0 | 321.0 








For given values of current, capacity and inductance these methods 
appear equally sensitive for all frequencies used. In this respect it seems 
superior to methods involving the use of a telephone receiver or a vibra- 
tion galvanometer as a detector. Moreover, it does not involve a 
knowledge of the frequency as is required in the Wilson method.! Of 
course, for a given impressed voltage, that frequency which coincides 
most nearly with the resonant frequency of the circuit containing L and 
C will give the maximum current and hence maximum electrometer 
deflection, thus making the sensibility of the method a maximum. 
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1F, M. Laws, Electrical Measurements, p. 414. 
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THE MOST PROBABLE VALUE OF THE PLANCK 
CONSTANT hk. 


By RAYMOND T. BIRGE. 


SYNOPSIS. 


The most probable value of Planck's Constant h has been computed, together 
with the probable error. The latest value of each of the other constants appearing 
in the equations has been used; and the probable error in each has been taken into 
consideration. The mean value from seven distinct methods is (6.5543 + 0.0025) 
x 107?’ erg. sec., and each of the seven residuals lies within the limits of error. The 
indicated error in the final mean is practically exclusive of any error in e (assumed 
4.774). However, by assuming Lewis and Adams’ theory of ultimate rational units, 
it is possible to compute, in a number of different ways, an independent value of 
e, or of hk. One such computation, using Blake and Duane’s X-ray data, yields 
e€ = 4.7705 + 0.0046, h = 6.550 + 0.013. 


I’ March, 1916, Millikan! published the results of a determination of 

the value of h from photo-electric data. The probable error was 
estimated at 0.5 per cent., and this constituted by far the most accurate 
determination of h, up to that time. Since then, however, all methods of 
attack have been improved in accuracy until, at the present time, we 
have seven distinct methods, each accurate to 0.5 per cent. or less. 
It is therefore of considerable importance to determine the most probable 
value of h, resulting from all known methods. 

In carrying out the computations, the author has found it necessary 
in some cases to recompute previous results. For there are many other 
constants which appear in the formula for h, and the latest values of 
these constants should be used. Thus Millikan, in his photo-electric 
work, used 3.000 for the velocity of light (c). Most authors at the present 
time use 2.9986, as given by Kaye and Laby.? Since c enters as the 
second power, in the determination of h, this change of value produces a 
change of 0.1 per cent., in 4,—an amount negligible at the time of 
Millikan’s work, but not at all negligible at the present time. 

In the following work I have assumed the author’s own estimate of his 
probable experimental error, when such error is explicitly stated. In 
other cases the error has been judged as well as possible from the results 
themselves, together with the author’s discussion of them. This final 


1 Puys. REV. (2), 7, 355, 1916. 
2 Physical and Chemical Constants, p. 69, 1918 edition. 
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error has then been combined, by the ordinary least square formule, 
with the probable errors in each of the other quantities appearing in the 
equation for h. The seven values of h, each with its resulting probable 
error, have then been combined to give the final most probable value, 
together with the probable error in this value. 

The results are as follows: 


METHOD I. FROM THE STEFAN-BOLTZMANN TOTAL RADIATION 
CONSTANT @, OR o. 


E= 7” = oT, (1) 


where E = the total radiation from unit surface of a black body (7. e., 
through solid angle 27) per unit time. 

a is connected with hk through the Planck radiation formula, the result- 
ing equation being! 


48rak* 
a= ahs ° (2) 
But 
=1tht+itete == ) 
a=I ait waa (3 
Therefore 
_ 8x°k* (4) 
7 15cths’ 4 
and 
3/82°k* 
= Niseta’ G) 
where 
_ PoVoeE _ —16 2 
k= — = (1.372 + 0.0014) X 107", (6) 


k being the Boltzmann entropy constant (or, in other words, the gas 
constant for one molecule) and having practically the same probable 
error’ as e (= 4.774 + 0.005). 

The best experimental determination of o (= ac/4) is that of Coblentz,* 
the value being 


1 See page 171, Masius, ‘‘Planck’s Heat Radiation.” 

2 Millikan, Puys. REV. (2), 2, 142, 1913. 

3 Millikan, in his evaluation of k used for E (the electro-chemical equivalent of silver) 
0.001118, defining the International ampere. This combined with 107.88 for S (the atomic 
weight of silver), gives 96,494 coulombs for the value of the Faraday. But the best value for 
E (Kaye and Laby, page 8, 1918 edition) is 0.00111827, giving 96,470 for the Faraday. 
Millikan likewise uses 1,013,700 for po, instead of 1,013,200 (K. and L., page 5). The two 
errors cancel to within 0.02 per cent. Finally, he uses 273.11 for T, which is still about 
the best value (K. and L., page 44). 

4Proc. Nat. Acad. Sci. 3, 504, 1917. 
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o = (5.72 + 0.012) X 10° erg. cm~* deg sec™. (7) 
Therefore 
” q 82° { (1.372 + 0.0014) X 10716}4 
~ N15(2.9986 X 10")? X 4 X (5.72 + 0.012) X 107° (8) 


= (6.551 + 0.009) X 10~* erg sec. 


METHOD 2. FROM THE WIEN CONSTANT C2 (= C, OF COBLENTZ). 
Amax 1 = C2/B = b (= A, of Coblentz), (9) 


where 8 = 4.9651. (The root of the equation e~*® + 6/5 — 1 = 0.) 
C2 is connected with h by the Planck equation,! giving 


co = bB = ch/k. (10) 


The best value of cz is that of Coblentz.2, The author states that the 
value of cz lies almost certainly between 1.43 and 1.44 cm. degrees and 
recommends? the tentative adoption of 1.433. I therefore use this value 
and judge from the above maximum variation, a probable error of 
0.0025, giving 

Co = (1.433 + 0.0025) cm. degrees. (11) 
Therefore 


_ (1.433 + 0.0025) X (1.372 + 0.0014) X 107" 


. 2.9986 X 101° 





= 6.557 4 0.013. (12) 


METHOD 3. FROM THE RYDBERG CONSTANT No, BY BOHR’s THEORY 
OF ATOMIC STRUCTURE. 
ce 
anes 


a ae 1 
No h(e ‘m) ’ (13) 





where the term (1 + m/M) has been omitted, since it differs from unity 
by only one part in 1852.6. The best value of No is® 


109,678.6 X 2.9986 X 101° = 3.28882 X 10" sec™!. 


The mean value of e/m, for negative electrons® is 1.772 XK 10’ E.M.U. 
From the Zeeman effect’ the mean value is 1.775. The former group of 
experiments is probably the more accurate, and hence I have assumed 


e/m = (1.773 + 0.002) X 107 E.M.U. (14) 

1 Masius, loc. cit. 

2 Bulletin Bur. of Standards, 13, 459, 1916. 

3 Private communication to the author. Mendenhall (Puys. REv. (2), 10, 515, 1917) 
obtains 1.440 and concludes that there is a real discrepancy between the radiation and elec- 
trical values of h. The results presented in this paper show no such discrepancy. 

4 Bohr, Phil. Mag., 26, I, 1913. 

5 Birge, Science 48, 47, 1918. 

®§ Kaye and Laby, pp. 98-99, 1918 edition. 
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Therefore 


~~ 2n*{ (4.774 + 0.005) X 107!9}5 
~ N(1.773 + 0.002) X 107 X 2.9986 X 10" X 3.2888 X 10 (15) 








= 6.542 + O.0II. 


METHOD 4. FROM EINSTEIN’S PHOTO-ELECTRIC EQUATION. 
V-e=h-v— p. (16) 


Millikan! gives for the final value of 4, from his photoelectric work, 
6.57 + 0.5 percent. However, this is the result of the work with sodium 
only. If the value obtained with lithium (6.584 + 1.0 per cent.) is 
included also, we have for the final mean 6.572 + 0.4 per cent. But 
this corresponds to a value of c = 3.000. Using, instead, 2.9986, we 


obtain 
h = 6.578 + 0.026. | (17) 


METHOD 5. FROM THE QUANTUM RELATION, AS APPLIED TO GENERAL 
X-RADIATION. 
V-e =h-», (18) 
where 


I 
a cere I 

” 2d sin 6 (19) 

and 
d = calcite grating space. 
If V is expressed in volts, and » in frequency numbers (number of wave- 
lengths in one cm.) we have 
2-d-sin 6-e- V- 108 


k= 2 ; (20) 





The procedure of Blake and Duane? is so accurate that the probable 
error of the experimental work itself (V-sin 6) is about 0.02 per cent. 
(from the results for 4 on page 634 loc cit.)._ The authors therefore rightly 
conclude that the final error in / is due almost entirely to the uncertainty 
in the values of e and d. Blake and Duane use for d Compton’s value* 
of 3.028. Compton, in a later article concludes that the most probable 
value is 

d = (3.0281 + 0.0010) X 107-8 cm. (21) 


1 Puys. REV. (2), 7, 355, 1916. 

2Puys. REv. (2), 10, 624, 1917. In addition, A. Miiller (Phys. Zeits., 19, 489, 1918; 
Science Abstracts, No. 303, March, 1919) obtains h = 6.58 + 0.07, while E. Wagner (Ann. d. 
Physik, 57, 401, 1918; Science Abstracts, No. 440, April, 1919) obtains h =6.49, the accuracy 
not being stated in the abstract. 

3 Puys. REv. (2), 7, 655, 1916. 

4 Puys. REV. (2), 11, 430, 1918. 
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Uhler! considers this estimate of error too small, as it includes only the 
error in e, which appears here to the one third power, 7.e., 


1M,eE y" 
d= - 4 ’ 
( ris “a 


molecular weight of CaCO; = 100.075. 


where MM, 


pi = density of the calcite crystal = 2.7116 gr./c.c. 
¢(8:) = volume of the calcite rhombohedron = 1.0963. 
E = electro-chemical equivalent of silver = 0.00111827 X Io 


gr. per E.M.U. 
S = atomic weight of silver = 107.88. 


Compton uses Millikan’s value of N (= Sc/eE) = 6.062 X 10%, based 
on E = 0.001118. The corrected value of V = 6.0594. 

Uhler’s discussion of the above data indicates that, outside of the 
error in e, there may be a probable error in d of about 0.06 per cent. In 
obtaining the final probable error in h, it is not permissible to combine 
the total probable error in d, with that in e, and in the experimental 
results. Instead, the error in d, aside from that due to e, must be com- 
bined with the total per cent. error in e*/? (of which e'/ appears implicitly 
in d) and with the experimental error (in V-sin@). The error in ¢ is 


negligible. 
Therefore the probable error in / equals 
Vo.06? + 0.13? + 0.022 = 0.144 per cent. (23) 
Therefore, 
h = 6.555 + 0.009. (24) 


METHOD 6. FRroM LEWIs AND ADAMS’ THEORY OF ULTIMATE RATIONAL 
Units. 
This theory? gives directly the value of the Wien constant ¢. To 
obtain h, it is necessary to assume the truth of Planck’s formula. Making 
such an assumption, there results (page 101, loc. cit.) 


16r2e? 3/825 
b= —— \ a (25) 


where / is expressed as a definite function of the charge on the electron, 
so that the only error in / is that due to the error ine. This gives 


h = 6.560 + 0.014. (26) 


1 Puys. REV. (2), 12, 39, 1918. 
2 Puys. REV. (2), 3, 92, I914. 
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METHOD 7. FROM THE QUANTUM RELATION, APPLIED TO IONIZATION 
AND RESONANCE POTENTIALS. 


Foote and Mohler! give a list of six ionization potentials, and seven 
resonance potentials. The arithmetic mean of the thirteen resulting 
values of h is 6.55. In order however to obtain the most probable value 
of h, it is best to plot voltage against frequency, and to obtain the slope 
of this straight line. For 


h-y = ———, (27) 


where V = potential in volts, 
vy = frequency in wave-numbers. 


Therefore 
han —xX— (28) 


The thirteen values just mentioned have since been supplemented by 
data on As, Rb, and Cs? and on Ca,’ but these latter results are rather 
inaccurate and so can well be omitted. The author accordingly used 
only the thirteen points and obtained, by least square formule, the most 
probable constants of the voltage-frequency curve. Assuming first the 
more general relation 

Voltage = a X frequency + 3, (29) 
there results 
a = (1.2471 + 0.0078) X 1074, 
giving 
h = 6.615 + 0.041, (30) 
while 
b = — 0.041 + 0.037 volts. (31) 
The probable error in 6 is practically equal to the actual intercept, and 
hence it seems justifiable to assume that the intercept is zero, 7.e., to 
assume the usual quantum relation (27) or (28). Performing, on this 
assumption, the least square solution, I obtain 


h = 6.579 + 0.021, (32) 


a result considerably higher than the arithmetic mean. The error in 
this latter procedure is due to the equal weighting of all points on the 
curve, regardless of their distance from the origin. The least square 
solution gives the proper weighting to each point. Equation (32) in- 
cludes the error in e (0.1 per cent.) as well as that due to the experimental 
results (0.3 per cent.). 


1 Phil. Mag., 37, 33, 1919. 
2 Foote, Rognley, and Mohler, Puys. REv., 13, 59, I919. 
3 Foote, personal communication to the author. 
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The seven values of h are given in Table I. The least square mean 
of these values is 


h = (6.5543 + 0.0025) X 107” erg sec. (33) 


The residuals also are given in Table I. In all cases they are less than, 
or approximately equal to, the probable error, proving that all seven 
methods are consistent among themselves. Considering all the circum- 
stances, this is a most surprising result. 











TABLE I. 

Value of 4. Residual. Method. Eguation. sy" mae 
6.551 + 0.009 — 0.0033 a (8) et/3 
6.557 + 0.013 + 0.0027 C2 (12) e 
6.542 + 0.011 — 0.0123 No (15) e/3 
6.578 + 0.026 + 0.0237 photo-elec. (17) e 
6.555 + 0.009 + 0.0007 X-rays (24) eA!3 
6.560 + 0.014 + 0.0057 Lewis and Adams. (26) e 


6.579 + 0.021 + 0.0247 . lon. Pot. (32) | e 


Mean value of h = 6.5543 + 0.0025. 


It is not to be concluded, from this result, that the probable absolute 
error in h is only 0.04 per cent. For all seven of the above methods 
include e to a positive power, and any error in e would therefore affect 
all of them in approximately the same manner. (The power of e is 
given in Table I., last column.) But if Lewis and Adams’ relation 
between e and h is a true one, it is possible to eliminate e from each of 
the other six equations, thus obtaining a value of h independent of 
Millikan’s value of e. Or, by eliminating h, it is possible to obtain an 
independent value of e. 

The most accurate of these six methods is that of Blake and Duane. 
Accordingly, the elimination will be shown for this one method only. 
Using equations (20), (22) and (25), we obtain 


in ee 6- 108 a M,E y"(; Co jay" 
i é 2 pio(Bi) Sc 1672 N85 (34 


— ee mre": ME )(, c psy ” 
* e 2 pido(B1) Sc 167? N 8x5 7 35 


Computing backwards from Blake and Duane’s results, 


(Grenete _h_ 6.555 X 107-7 , 
~ ed 4.774 X 107” X 3.028 X 1078 (36) 


and 





C 


= 4.5346 X 107”. 
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Using for the other quantities in (34) and (35) the values already specified, 
we obtain 
€ = 4.7705 + 0.0050, (37) 
h = 6.550 + 0.012. (38) 


The errors in e and hk are obtained from the previously assumed error 
of 0.02 per cent. in (V-sin 6/c?), and of 0.06 per cent. in (3. M,E/p16(8,)Sc)!8 
The velocity of light appears in e as c~*, and inh asc~*. The error in c 
is probably not over 0.01 per cent. 

This new value of e has therefore the same probable error as Millikan’s 
value. Its correctness depends however on the following assumptions: 

1. The truth of Lewis and Adams’ theory of ultimate rational units. 

2. The truth of the relation between a and h, as given by Planck’s 
radiation formula. 

3. The truth of the quantum relation, as applied by Blake and Duane 
to X-ray data. 

Because of the more direct method used by Millikan, his value of e 
is likely to be more nearly correct. We may therefore conclude that 


h = (6.5543 + 0.0025) X 10-” erg sec., 


remembering however that in addition to the probable error, this value 
assumes the correctness of 4.774 as the value of e, and actually possesses 
a per cent. error somewhat greater than the per cent. error in e, and in 
the same sense. 


DEPARTMENT OF PHYSICS, 
UNIVERSITY OF CALIFORNIA, 
July, 19109. 
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ON THE CRITICAL ABSORPTION AND CHARACTERISTIC 
EMISSION X-RAY FREQUENCIES. 


By WILLIAM DUANE AND KANG-FuH Hv. 


SYNOPSIS. 


In the analysis of X-ray line spectra it is of considerable importance to know 
whether or not the critical absorption, the critical ionization and the highest char- 
acteristic emission frequencies associated with any one single X-ray series are 
exactly equal to each other. Such knowledge must have a marked influence on 
speculation and theories as to the mechanism of X-radiation and the structure 
of atoms. 

The object of the research reported in this paper has been to measure these 
three frequencies, as precisely as possible, using the same instruments throughout 
the work. The measurements have been made with the X-ray spectrometer em- 
ployed several years ago to determine the value of h. The X-rays came from the 
steadiest sources at present available, namely, Coolidge tubes excited by currents 
from a high tension storage battery. 

As results of our research we conclude that the critical ionization frequency equals 
the critical absorption frequency to within considerably less than 1/10 per cent.; and 
that the critical absorption frequency exceeds the frequency of the vy line in the emission 
series by 1/4 per cent. or 1/3 per cent., these being determined by measuring from 
the centers of the drops and peaks in the curves corresponding to them respectively. 


N the analysis of characteristic X-ray spectra we recognize four 
different kinds of frequency of vibration associated with each series 
of lines. In the K series of a chemical element, for example, we have: 
(a) several emission frequencies; (b) one critical absorption frequency; 
(c) one critical ionization frequency and (d) one frequency such that 
when it is multiplied by Planck’s action constant, h, the product equals 
the minimum energy the electron in the X-ray tube must have in order 
that it may be able to produce the K emission series. 

It is known that the highest frequency in the emission spectrum (the 
y line) and the other three frequencies (b), (c) and (d) lie close together, 
i.e., within a few per cent. of each other. 

The object of the research reported in this paper has been to deter- 
mine whether, within the limits of experimental error, the y line frequency 
the critical absorption frequency and the critical ionization frequency, 
are exactly equal to each other or not. 


1A paper presented at the New York meeting of the American Physical Society, April 27, 
1918. 
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Throughout these experiments we used the same X-ray spectrometer 
(namely that described in the PHysicAL REVIEW for December, 1917, 
page 624), and, in order to eliminate some of the possible sources of 
error, we did not change the general set up of the instrument. 

We calculated the wave-lengths of the X-rays reflected from the 
surface of the calcite crystal by means of the equation 


X = 6.056 X sin @ X 107-8 cm. 


where 6 is the grazing angle of incidence. 

The X-rays came from tubes of the Coolidge type. One of the tubes 
had a tungsten target and the other had a rhodium target. 

The X-rays passed through two narrow slits before they reached the cal- 
cite crystal. As the third slit, that in front of the ionization chamber, was 
large enough to admit the entire reflected beam, this method eliminates 
large corrections for the penetration of the X-rays into the crystal (l.c.). 

The electrical current (2 milliamperes) through the X-ray tube came 
from a high potential storage battery. In most of the experiments we 
held the difference of potential between the electrodes of the tube con- 
stant at 37,750 volts, and, if any small unavoidable variation from this 
value occurred, we corrected for it. 

In order to avoid actually determining the zero point on the scale of 
the instrument we either measured the lines on each side of it, or else 
found their positions in both the first and the second order spectra. The 
various sets of measurements agree with each other to within the limits 
of experimental error. 

In order to determine whether or not the critical absorption frequency 
differs from the critical ionization frequency, we filled the ionization 
chamber with methyl-iodide and used a thin layer of potassium iodide 
as the absorber. 

The curves in Fig. I represent the ionization currents as functions of 
the readings of the verniers attached to the crystal table. The curves 
A and A’ refer to experiments in which no absorber was used. The 
| sharp breaks in the curves occur at angles corresponding to the critical 
ionization wave-length of iodine. X-rays of shorter wave-length than 
this critical wave-length produce more ionization than X-rays of longer 
wave-length do. Measuring from the center of the drop on one side of 
the zero to the center of the drop on the other side we get for the double 
grazing angle 2@ (after subtracting an excentricity correction of 22’’) 
20 = 7’ 4’ 25”. Whence the critical ionization wave-length }; is 
Ai = .3736 X 10-8 cm. 

Curve B represents an experiment in which the X-rays passed through 
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a thin layer of potassium iodide before reaching the spectrometer. The 
iodine in the salt absorbs X-rays of shorter wave-lengths than the critical 
absorption wave-lengths to a greater extent than it does longer waves. 
The magnitude of the change in the absorption depends, of course, upon 
the thickness of the absorbing layer, and in this experiment the layer was 
thick enough to more than counteract the increase in ionization for X- 
rays shorter than the critical ionization wave length. The ordinates in 
curve C are the ratios of those in curve B to those in curve A respectively. 
Curve C represents, therefore, the true critical absorption effect un- 


CRITICAL IONIZATION. AND. ABSORPTION 
WAVEILENGTHS (OF IODINE 
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Fig. 1. 


influenced by the change in ionization at the critical ionization wave- 
length; and the angle measured to the center of the drop corresponds to 
the critical absorption wave-length \,.. It appears from the graphs 
that the centers of the drops in curve A and curve C fall sensibly at the 
same abscissa; that is, the angles corresponding to the critical absorption 
and critical ionization wave-length do not differ from each other by 
more than a few seconds of arc. A difference of 10” of arc could be 
detected, which means that the critical absorption and critical ionization 
wave-lengths are equal to each other to within less than 1/10 per cent. 

In order to determine whether or not the K critical absorption wave- 
length (A.) of a chemical element is the same as that of the y emission 
line in the K series we have investigated the emission spectrum of an 
X-ray tube having a rhodium target. 
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The curves in Fig. 2 represent the ionization currents as functions of 
the readings of one of the verniers attached to the crystal table. 

For the two a lines readings were taken 15” of arc apart on both sides 
of the zero. The peaks corresponding to these two lines are separated 
from each other, but the separation appears to be better on the right 
hand side than on the left. Some slight inequality in the structure of 
the crystal planes may account for this. 
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Fig. 2. 


As the difference between the wave-lengths of the two a lines amounts 
to only two thirds of one per cent. this gives an idea of the precision with 
which the wave-lengths can be estimated. It appears to be possible to 
determine between which two settings of the instrument a peak lies, and 
also which of the two settings it lies nearer to. This means that the pre- 
cision of the measurement is the precision with which the angles can be 
read by means of the verniers. The verniers’ scales are supposed to give 
readings to 5” of arc. By estimating from several readings on the two 
sides of each peak it seems reasonable to supfpose that the wave-lengths 
can be determined with a precision considerably less than one tenth per 
cent., the grazing angles for these lines being larger than 6°. 

The curves in Fig. 2 show also the peaks corresponding to the 8 and 
y lines. The readings for these were taken on one side of the zero only, 
but the wave-lengths have been calculated from the zero determined 
by the a line measurements. 

The curves in Fig. 3 represent the two a line peaks in both the first 
and the second order spectra. Passing from the first to the second order 
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spectrum the distance between the two peaks about doubles itself, 


while the breadth of each peak remains about the same. 
The wave-lengths of the a@ lines calculated from the first and second 


order spectra, without direct reference to the zero, equal the corresponding 
wave-lengths calculated from the first order spectra alone. 
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The peaks in the curves of Fig. 4 correspond to the y line in the first 
order spectrum on each side of the zero. 

The curves in Figs. 2, 3 and 4 furnish three independent methods of 
estimating the position of the zero on the scale. 

A correction for eccentricity amounting to about 45”’ of arc must be 
subtracted from the double grazing angle. 

The following table contains the wave-lengths of all four lines. 


K Series of Rhodium (45). XX 10° cm. 





a ao. ss .. Pa) See B. a y- - - 
.6164 .6122 5451 .5342 
.6163 .6121 .5453 .5343 
6164 6120 5454 5342 


In 1917! Prof. F. C. Blake and one of us obtained the value 
X = .5324 X 10-8 cm. for the critical K absorption frequency of rhodium. 
As this differs from the values of \, contained in the above table by 
slightly more than the probable error of the measurement, and as the 
spectrometer had been partly dismantled and the parts reassembled, the 
authors of this paper decided to re-measure the critical absorption 
wave-length. 

For this purpose we used the tungsten target X-ray tube and an 
absorbing layer of rhodium salt placed between the tube and the spec- 


trometer. 
1 Puys. REv., December, 1917, p. 702. 
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Measuring from the centers of the sharp breaks in the curves on the 
two sides of the zero line, we get for the critical K absorption wave-length 
of rhodium \ = .5330 X 107%. This value agrees with that obtained in 
1917 to within approximately one tenth per cent., but differs from the 
wave-length of the y emission line by almost one fourth per cent. 

In order to obtain additional evidence as to whether or not this differ- 
ence really exists, we have made some experiments using the rhodium 
target tube both with and without the rhodium salt absorber. 

The curves in Fig. 5 represent the results obtained. The widths of 
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Fig. 5. 


the slits were somewhat larger than in the previous experiments. They 
were larger, also, for the measurements on the right hand side of the 
zero, than on the left. The readings for corresponding parts of the 
curves with and without the absorbing screen were made on the same 
day, but the readings for different sections of the curves were made on 
different days. This is shown by the discontinuities in and overlappings 
of the curves. 

Curve A has been platted from the data obtained without the absorb- 
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ing screen, and curve B, with the absorbing screen. The third curve 
below represents the ratio of the B to the A ionization currents. 

The curves indicate that the rhodium has no appreciable selective ab- 
sorption for the X-rays in its own a1, a2 and B emission lines. The marked 
increase in absorption occurs, however, close to the peak representing 
the y line. Further the wave-length corresponding to the center of the 
y line peak is about one third per cent. longer than that corresponding 
to the center of the absorption drop. 

It appears, therefore, from both experiments that, if the wave-length 
of the emission line corresponds to the center of the peak, and, if the 
critical absorption wave-length corresponds to the center of the absorption 
drop, the critical absorption wave-length is about one fourth per cent. shorter 
than that of the y emission line. 
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PROPAGATION OF SOUND IN AN IRREGULAR 
ATMOSPHERE. 


By G. W. STEWaRT. 


SYNOPSIS. 


Under poor atmospheric conditions, lower frequencies in aéroplane engine sounds 
become relatively enhanced; under good conditions, frequencies of order of 1,000 
d.v. are heard at greatest distances. The former is explained by irregularities in 
the atmosphere and the latter by characteristics of audition. 

Intensity of the sound varies much more rapidly than as the inverse square, 
crude observations giving much more nearly inverse sixth and fourth powers for 
maximum ranges under fair and good listening conditions, respectively. 


ORD RAYLEIGH’S' reference to and explanation of the “highly 
uneven character of the sound”’ from aéroplanes in flight, leads the 
writer to make a record of three additional facts. 

During experiments in connection with aéroplane detection and loca- 
tion the observers noticed that under what might be termed “poor 
listening ’’ atmospheric conditions the sound from the aéroplane when 
at the greatest hearing distance was limited to the lowest frequencies in 
the emitted complex sound. These frequencies were for these particular 
aéroplanes approximately 90, 180, 270, etc., and the most prominent 
component was the one of lowest pitch. The sound from the same 
aéroplanes heard at the greatest possible distance under excellent night 
conditions was distinctly different. The lowest frequencies just named 
were not noticeable and the sharp cracking sounds of the engine explo- 
sions, with prominent components, probably of the order of 1,000, were 
most distinctly in evidence. The difference in the character of the sound 
in the two cases may be described as the cutting off of the higher fre- 
quencies in the former and of the lower frequencies in the latter. That 
there may be a more rapid decay of intensity of the higher frequencies 
is readily understood by a consideration of differences in wave-length. 
The irregularities in the planity of the strata, for example, would be 
more effective in scattering, by reflection and refraction, the frequencies 
having the shortest wave-lengths. In general, the irregularities of the 
atmosphere would affect the shorter wave-lengths the more. 


1 Nature, Vol. 101, 1918, p. 284. 
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The apparent better transmission for the higher frequencies in the 
second instance is not to be explained by any influence of the medium 
but rather by the characteristics of audition. The sense of loudness 
for the different frequencies is not the same, whether the intensities are 
measured in mechanical units or in terms of minimum audibility. It 
is the latter unit of measurement that is of interest in the present case, 
for the nature of the sound heard at a great distance from the source 
depends upon audibility. 

Professor Sabine! has proved that a frequency of 64 and of 1,024 
appear of equal loudness when the former is 7 x 104 times and the latter 
15 x 10° times its own minimum audible intensity. This means that the 
observer might be situated near a source emitting these two sounds and 
consider them of equal loudness, and yet with a homogeneous atmosphere 
and the decrease of intensity of sound according to the inverse square 
law, he could find that as he recedes from the source he would cease to 
hear the lower frequency first because its intensity has passed below the 
minimum audible limit. Thus the explanation of the above-mentioned 
change of quality with distance from the aéroplane under good listening 
conditions is to be explained on the varying relative intensities required 
for equal loudness and minimum audibility. According to Sabine’s 
values, given sounds of equal loudness at a given distance, the one of 
the farthest in an ideal 


, 


frequency approximately 1,024 will “‘carry’ 
medium if the ear is used as the receiving instrument, and the frequencies 
64 and 2,048 on either side of this ‘‘maximum”’ will be heard approxi- 
mately the same distance. 

The other experimental fact worthy of record is the rapidity with 
which the intensity falls off with distance in the atmosphere. The 
experiments here to be mentioned are crude, but are sufficiently accurate 
inasmuch as the exact conditions of the atmosphere could not be recorded. 
Occasions were selected when the temperature gradient at the ground 
was practically zero and a comparison was made of the maximum distance 
from the unaided ear and from the listening device, respectively, that a 
complex sound could be heard. This experiment was repeated many 
times and in every case the maximum distance with the instrument was 
approximately ten times that with the unaided ear. Conditions were 
such that the selectivity of the instrument was believed negligible. In- 
asmuch as the experiments were performed on a heavily grassed prairie 
the decrease of intensity with distance must have been even more rapid 
than as the inverse square. Similar listening experiments were made 
using the same device and with aéroplanes in flight. On fair sunny days, 


1 Contributions, Phys. Laboratory, Harvard Univ., No. 8, 1910. 
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cumulus clouds forming, with aéroplanes at elevation of one thousand 
yards, the aéroplanes could be heard only twice as far as with the unaided 
ear. On days when the atmosphere was obviously more irregular, the 
decay of intensity was much more rapid. Under good night observing 
conditions with the aéroplane at an elevation of two thousand yards this 
maximum distance was increased to three times the distance possible 
with the unaided ear. 

It thus appears that even when the atmosphere is favorable to sound 
transmission, there is sufficient irregularity to cause a surprisingly rapid 
decay of sound from an elevated source. 
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